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Thesis directed by Prof. James K. Thompson

By allowing a large ensemble of laser cooled and trapped 87Rb atoms to interact collectively

with an optical cavity, I have explored two phenomena that may prove useful for enhancing precision

measurements: superradiant lasing and spin squeezing.

Superradiant lasers have been proposed as future ultrastable optical frequency references,

with predicted linewidths < 1 millihertz. These lasers operate in an unusual regime of laser physics

where collective emission from an atomic ensemble maps the quantum phase stored in the atoms

onto the optical cavity field. I will give an overview of my experimental work using a cold-atom,

superradiant Raman laser as a model system to confirm a number of the key predictions concerning

superradiant lasing, including the possibility of coherent emission with < 1 intracavity photon on

average and greatly reduced sensitivity to cavity frequency noise.

I also present work using cavity-aided, coherence-preserving measurements of the atomic state

population to create entanglement between atoms. The entanglement enables more precise estima-

tion of the quantum phase at the heart of nearly all precision measurements and sensors utilizing

quantum objects. By utilizing a cycling transition for the quantum non-demolition probe, we have

reduced by several orders of magnitude the measurement induced back-action caused by sponta-

neous Raman transitions. We directly observe, with no background subtraction, a spin squeezed

state with sensitivity to measuring a quantum phase enhanced 10.5 times in variance (i.e. 10.2

dB) beyond the standard quantum limit for an unentangled state. This experimental breakthrough

demonstrates that quantum-aided sensing techniques can realize large enough enhancements to

have a substantial impact on precision measurements and may aid advances in technology as well

as searches for new physics.
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Figure

1.1 (A) The laser trapped and cooled sample of neutral atoms in an optical lattice clock

serves as an example of the variety of single particle control techniques used exten-

sively in precision measurements with cold atoms. The optical lattice trap nearly

eliminates all motional perturbations from the system, controlling the atoms’ ex-

ternal states and optical pumping techniques control the internal electronic states

of the atoms. Lattice clocks can also operate with fermions in dilute samples that

can nearly remove collisional interactions between atoms. (B) By adding a nearly-

resonant optical cavity mode, we can introduce controlled atom-atom interactions

and take advantage of this additional degree of freedom in the ensemble. The col-

lective state of the ensemble is more than just many independent realizations of an

experiment, possessing, for example, modified quantum noise properties that pro-

duce enhanced sensitivity for precision measurements with the same resources (in

this case, the number of atoms). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
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1.2 Examples of common interactions used for quantum simulation and generation of

interesting collective states. A) Atomic collisions have a short range of interaction

∝ r−6, and although they can be tuned with techniques such as magnetic Feshbach

resonances, can be difficult to quickly and completely extinguish. B) Dipolar forces

are slightly longer range ∝ r−3, but also anisotropic. C) Coulomb interactions can be

relatively long range ∝ r−1, but systems that take advantage of Coulomb coupling,

like ion traps, have proved difficult to scale to large atom numbers. . . . . . . . . . . 5

1.3 Atom-cavity coupling is a competition between coherent exchange of excitations

between the atoms and cavity at a rate
√
N2g, and loss of excitations through decay

through free space scattering Γ and spontaneous decay through both cavity mirrors

κ. The enhanced atom-cavity coupling rate arises from a constructive interference

for emission and absorption with respect to the cavity mode due to correlations

among the individual atoms, the same physics underlying the phenomena of Dicke

superradiance [43]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Illustration of a Ramsey sequence with a two level system represented by a Bloch

sphere. The first step is optical pumping the atoms all into |↓〉 (light red arrow),

then performing a π/2 rotation about −ŷ axis to place the Bloch vector along x̂.

The Bloch vector then precesses around the ẑ axis at a rate proportional to the

energy difference between |↑〉 and |↓〉. The Bloch vector precession represent the

evolution of the quantum phase in the wavefunction |Ψ〉 = cos((π/2 − θ)/2) |↑〉 +

eiφ(t) sin((π/2 − θ)/2) that we ultimately wish to measure. The second π/2 pulse

performs another rotation about −ŷ and maps the φ(t) onto the coefficients of the

population states, or equivalently onto the polar angle of the Bloch sphere. The

quantum phase φ(t) can then be inferred by measuring the state of the two level

system. Quantum randomness in the projection onto the population basis results in

fundamental quantum noise limiting the resolution of the angle φ(t). . . . . . . . . . 10
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1.5 The standard quantum limit for a coherent spin state. Quantum noise appears as an

uncertainty in the pointing location of the classical Bloch vector J, represented by

the blurry red region at the tip of the vector. The signal, that is, the change in the z

projection of J for a given angular rotation, increases linearly with N . However, the

standard deviation in a measurement of the z projection from quantum noise grows

as
√
N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.6 A summary of results for the observed entanglement-enhanced sensitivity for mea-

suring a quantum phase across a variety of physical systems and mechanisms. The

solid points indicate results that use coherence preserving pre-measurements, the

most relevant results for comparison to this work. The result from this work is

highlighted with a red circle. (A) Absolute observed phase resolution of an ensem-

ble, emphasizing the improvement in the absolute sensitivity from simply starting

with a large ensemble of atoms. Though our result is far from the Heisenberg limit,

the large ensemble size allows improvement for an already highly resolved phase.

(B) The observed enhancement of phase resolution relative to the SQL. The blue

line indicates the fundamental Heisenberg limit. Compared to previous work, which

observed interesting, but small entanglement-enhanced sensitivities, we have ob-

served over an order of magnitude enhancement in a system readily applicable to

precision measurement experiments such as optical lattice atomic clocks. To date,

our result is the largest enhancement in any system using matter as spins. The

other results can be found in Refs. [116, 102, 117] for experiments using ions, Refs.

[49, 130, 62, 28, 108, 69, 104] for experiments using one-axis twisting, and Refs.

[4, 159, 141, 139, 35] for non-demolition measurements. . . . . . . . . . . . . . . . . . 12
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1.7 Squeezing in an optical field, or equivalently a harmonic oscillator, with the two

conjugate variables on the X1 and X2. Both the coherent and squeezed states can be

represented as a classical phasor with quantum uncertainty. The area of uncertainty

is constant, but can be distributed among the different quadratures. In this case, the

squeezed state has a reduced phase uncertainty ∆φSS at the expense of increased

uncertainty in the amplitude ∆ASS . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.8 Generating a squeezed state with a coherence-preserving pre-measurement for a

Ramsey sequence. A coherent spin state has an initial uncertainty in the azimuthal

angle of the Bloch vector ∆θSQL set by quantum noise that defines the SQL for phase

resolution of the state. By performing a measurement on the polar angle θ using

a population readout with resolution below the quantum noise limit, the deviation

of the Bloch vector from the equator on that particular trial, δθ, can be recorded.

Another π/2 pulse rotates the quadrature with a known quantum fluctuation into

the the azimuthal quadrature and the Ramsey sequence can begin. A noiseless vec-

tor going through the Ramsey sequence is shown as a dashed line. While the final

output of the interferometer will still exhibit quantum fluctuations ∆θSQL about the

average output polar angle δφ, the fluctuations can be subtracted on a trial by trial

basis due to the knowledge of the initial state from the pre-measurement. Effec-

tively the state has an uncertainty set by the measurement resolution, determining

the precision which one can measure the initial quantum fluctuation. . . . . . . . . 17
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1.9 A cartoon representation of superradiance in an extended ensemble of atoms. For

a collection of atoms radiating with independent phases (A), the light is isotropic

and the total power emitted goes as NP0, where P0 is the power emitted by a single

atom. For ensembles with spatially correlated radiating phases (B), represented by

the synchronization of the arrows on the atoms, the emitted light can constructively

interfere along certain directions, resulting in an N2 enhancement of the power ra-

diated along this direction. The cooperativity parameter C serves as a measure of

the range of directions (fractional solid angle) over which the constructive interfer-

ence occurs. The total power radiated due to this constructive interference is then

proportional to N2CP0, i.e. NC larger than for the total power from non-correlated

radiation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
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1.10 (Left) In the good-cavity limit, the atomic coherence rapidly decays, and the pho-

ton field is the primary reservoir of phase information in the laser. As a result,

perturbations which disturb the cavity resonance frequency, such as thermal mirror

vibrations (drawn as curved lines near the mirrors), limit the frequency stability of

the laser. (Right) At the other extreme, the bad-cavity, or superradiant, laser pre-

sented here operates in a regime where the atomic coherence decay rate γ⊥ is much

less than the cavity power decay rate κ. In this regime, the atomic gain medium is

the primary reservoir of phase memory in the laser, a fact represented by the aligned

dipoles of the atoms and a cavity mode nearly devoid of light quanta. Because the

emission frequency is primarily determined by the atoms, perturbations from fluctu-

ations in the cavity frequency are suppressed. (Middle) Near the crossover regime,

the phase coherence is jointly stored by the atoms and the cavity photons, making it

a polariton-like excitation. Most optical lasers operate in the good-cavity limit (one

example is the cold atom Raman laser of Ref. [156]), with microcavity diode lasers

[12] and far infrared (FIR) gas lasers, using Xe [30], NH3 [70, 162], and HeXe/HeNe

[97], operating in the vicinity of the crossover, polariton-like regime. Our cold atom

Raman laser is unique both in terms of operating so deeply into the bad-cavity

regime, and also in that the steady-state intracavity photon number can be made

much less than one. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
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1.11 The long lived, nearly forbidden 3P0 to 1S0 transition in elements like Sr, Yb or Ca,

with excited state decay rate γeg, is mimicked by a two photon Raman transition

between hyperfine ground states in 87Rb. The Raman dressing laser, with Rabi

frequency Ω, is detuned from an optically excited intermediate state |i〉 to induce an

optical decay from |e〉 to |g〉 at rate γeg, mimicking the naturally occurring decay

on the left hand side. This decay rate can be tuned over a wide range by adjusting

the dressing laser intensity and/or detuning from the intermediate state. In both

cases, population inversion is maintained by incoherently repumping the atoms back

to the excited state |e〉 using another laser that excites atoms in the ground state |g〉

to a short-lived optically excited state after which they quickly spontaneously decay

to |e〉. The collective blue laser emission in both cases is resonant with the optical

cavity mode, while the single-particle spontaneous emission for repumping (yellow)

is not resonant and is scattered into free space. . . . . . . . . . . . . . . . . . . . . . 26

2.1 A CAD model of the custom ECDL used throughout the laser systems in our lab.

The laser diode is mounted in the lens tube assembly. The diffraction grating (white)

provides frequency selective optical feedback to the narrow the laser linewidth. The

grating is mounted on the adjustable pivot. A piezoelectric slab provides a method of

feeding-back to the grating position for wideband laser frequency tuning by pivoiting

the assembly. The grating can also be manually adjusted with the two screws that

push on the pivot. The 45◦ mirror out-couples the laser light (out-coupling lens not

shown). The temperature control Peltier device rests under the mount as it sits in

the external enclosure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
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2.2 A schematic of the 780 nm laser subsystem used to generate the magneto-optical

trap and perform state preparation using the D2 transition of 87Rb . The system

consists of 3 ECDL lasers, labeled 780 nm Reference, MOT and Repumper. The 780

nm Reference laser is stabilized to an atomic frequency reference using a Doppler-

free polarization spectroscopy. Both the MOT and Repumper lasers are beatnote

stabilized to the Reference laser (not shown). Feedback loops are indicated by the

black line leading back to the lasers. . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.3 RF beatnote frequencies used to set the MOT and Repumper lasers to resonance

from their respective hyperfine ground state to the excited states of the 87Rb D2 line. 33

2.4 A schematic of the 780 nm narrow linewidth DBR laser subsystem used to generate

the probe laser on the D2 transition of 87Rb for the spin squeezing experiment.

The system consists of 2 Photodigm DBR lasers, labeled DBR Reference and DBR

probe. The DBR lasers have improved short term stability properties due to the

optical feedback provided by the long external free space cavity, of length ∼ 0.5 m.

We can tune the magnitude of the optical feedback using the λ/4 waveplate and

polarizing beam cube in the feedback path. The reference laser provides long term

frequency stability by locking to an atomic reference with MTS. The probe laser is

then beatnote locked to the reference laser, giving us tunable control over the probe

frequency over a range of 3.2 GHz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
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2.5 The 795 and 823 nm laser subsystem. The subsystem consists of three ECDLs

at 795 nm (the 795 nm Reference, Dressing, and Transfer lasers) and one ECDL

at 823 nm (the Lattice laser). All are ultimately referenced to the F = 2 − 3 to

F = 3′ crossover signal of 85Rb through beatnote locks in the case of the Dressing

and Transfer lasers, and using the transfer cavity in the case of the Lattice laser.

The transfer cavity is locked to the Transfer laser using a PDH lock to stabilize

the cavity length, then the Lattice laser is PDH locked to a longitudinal mode of

the transfer cavity near 823 nm. The Dressing laser is split into three functions,

generating the Raman dressing light for inducing superradiance, probing the science

cavity resonance frequency, and providing the heterodyne reference beam in the

superradiance experiments. The difference in the dressing laser frequency and the

probe frequency is bridged by a EO Space phase modulator driven near the hyperfine

splitting frequency. The Heterodyne beam is path is also phase modulated, so that

RF beatnotes of both the superradiantly emitted light and the dressing light can be

obtained. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.6 The Analog Devices AD9959 direct digital synthesis evaluation board shown fully on

the left and zoomed in on the right. The evaluation board has two modes of control,

either serial control through the header pins at the top of the picture, or through a

USB control on the left side of the picture. To enable pre-programmed ramps of the

frequency, amplitude, or phase of the DDS channels using an external TTL signal,

we modified the evaluation board. The ramps are controlled by profile pins to the

DDS chip, P0, P1, P2, and P3. These pins connect to the serial header, but the

I/O buffer (chip U5, PN: 74LVC5414A) connects the USB profile inputs (PX U) to

the profile pins. By cutting the traces from the IO Buffer (chip U5, pins 11-14), the

profile pins are freed to be controlled by the serial headers. In the photograph on

the right, the traces corresponding to the profile pins are circled in red. Here only

the trace for profile pin P0, corresponding to pin 11 on U5, has been cut. . . . . . . 41
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2.7 Photograph showing the optical cavity spacer, piezos and mirrors inside the glass

cell vacuum chamber. The smaller coils of copper wire are the initial, symmetric

MOT coils. The larger wire coils provide bias magnetic fields in all three directions. 43

2.8 A drawing of the cavity spacer. All dimensions are given in units of cm. The spacer

was machined from a single piece of Zerodur. The spacer is supported by four rods

at the midpoint of the cavity. The holes for the support rods are symmetric on both

ends of the spacer for common mode rejection of vibration. The angled cutouts on

either end of the cavity allow for better optical access for the angled MOT beams. . 44

2.9 List of science cavity parameters that are constant across wavelength. . . . . . . . . 45

2.10 Science cavity parameters for the relevant wavelengths in including the spin squeezing

probe at 780 nm, the superradiance at 795 nm, and the trap at 823 nm. . . . . . . 45

2.11 A drawing of the complete vacuum system (the glass cell surrounding the cavity

spacer is not shown). The vacuum chamber below the reducer fitting (grey) is not

shown. The cavity spacer is in magenta, the MOT coil is in light grey, the spacer

supports are in white, and Kimball Physics spherical square in dark red. The damp-

ing pendulum hangs off the support structure with the purple rods. The pendulum

weight is colored light green. The three pairs of MOT beams intersect at the center

of the cavity spacer. The cavity axis beam path is shown entering the spherical

square and exiting out the top of the optical cavity. The distance to the center of

the cavity and the end of pendulum are both measured from the top of the optical

table. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
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2.12 (Left) The CAD model of the vacuum chamber, cavity support system, and cavity

spacer. A probe laser beam is shown entering a vacuum port, bouncing off the 45◦

mirror and coupling to the cavity. (Right) A cutaway view of the cavity support

structure. The cylindrical support structure (dark grey) links the cavity spacer

supports (white) to the damping pendulum (purple). The damping pendulum (seen

in Fig. 2.11) hangs off the support structure, which rests on 3 Viton spheres (bright

green) for damping. The 45◦ mirror is mounted on rails connected to the vacuum

chamber with Groove Grabbers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.13 (left) A basic schematic of the elongated MOT coils used for most of the experiments

presented in this thesis. The Coil is composed of 128 turns of Belden 20 AWG magnet

wire. The individual turns are held together with Araldite 2011 Epoxy. Each layer

of the coil is 12 turns, making the coil 10.7 mm deep. The rounded inside corners

have a radius of curvature of 4 mm. (right) A photograph showing the elongated

MOT coil mounted in the experiment. The coil sits inside the larger bias coil. . . . . 50

2.14 A general time sequence that begins each of the experiments in this dissertation (not

to scale). Maybe a chart showing what lasers are on and what the B-field is doing

here would be useful? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.15 An example schematic of the heterodyne data acquisition system. The output of the

heterodyne photodiode can have multiple signals separated in RF frequency. We split

the signal after amplification, then have separate paths for each frequency in which

we can separately attenuate the signals to keep the inputs to the IQ demodulators.

The signals are demodulated with RF frequencies from the DDS. The corrections to

account for imbalances in each IQ demodulator is applied in software (circle with

‘C’), giving the corrected signals I ′(t) and Q′(t) from which the amplitude A(t) and

phase φ(t) of each signal can also be calculated. . . . . . . . . . . . . . . . . . . . . . 54
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3.1 Spin-squeezing and measurement back-action (A) Atoms collectively interact

with light in an optical cavity. A measurement of the phase of the probe field (red)

is sensitive to the total number of atoms in spin up, and projects the ensemble into

an entangled state, conditioned on the measurement outcome. Probe photons can

be scattered into free space, causing atoms to collapse to spin up (orange in A, C,

and D) and can also cause state-changing transitions (blue in A, C, and D). (B)

A coherent spin state can be visualized by a Bloch vector (red), with a pointing

uncertainty set by quantum noise, represented by the shaded uncertainty disk. (C)

Atoms in |↑〉 with optical transition frequency ωa couple to the detuned cavity mode

with resonance frequency ωc. The coupling results in a dressed cavity mode with

resonant frequency ωc′ , so probing ωc′ measures the total number of atoms in |↑〉, and

hence the Bloch vector’s spin projection Jz, without measuring the state of individual

atoms. Probing on a cycling transition suppresses back-action from scattering events

that change an atom’s state to |↓〉 (blue), limiting back-action to collapse (orange).

(D) After a pre-measurement, back-action modifies the noise distribution on the

Bloch sphere. Fundamental back-action appears along ŷ. Back-action from non-

ideal measurements, indicated by dashed lines, include reduction in length J of the

collective Bloch vector and added noise in Jz caused by state-changing transitions. 57
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3.2 Detection of a quantum phase with entanglement-enhanced sensitivity.

We apply a small rotation ψ to the polar angle θ of both a CSS and a spin-squeezed

state, with data and representative Bloch spheres shown on the left and right sides

respectively. Red data points show experimental trials with ψ = 2.3(1) mrad, and

blue data points show trials with ψ = 0. The data are represented both as histograms

and Gaussian curves generated from the average and standard deviation of the mea-

surements. The experimental timing sequence consists of probe pulses (black) and

microwave rotation pulses (green). For the CSS, the rotation ψ is applied immedi-

ately after preparing the CSS along x̂. The rotation ψ appears as a change in the

quantity N↑ − N↓, which is normalized to the total projection noise that appears

in this differential quantity. In the case of the spin-squeezed state, we perform the

rotation ψ after a pre-measurement N↑p. The rotation then appears as a change in

N↑f −N↑p, where the projection noise largely cancels. The spin-squeezed state has

a precision W−1 = 7.5(9), even though the change in N↑f − N↑p is slightly smaller

than in the CSS due to free-space scattering during the pre-measurement. The loss

of signal is represented by a smaller Bloch sphere for the spin-squeezed state. . . . . 61
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3.3 Spin-squeezing and probe-induced back-action. (A) Scaling of the spin noise

reduction R (red), loss of signal C2/Ci (blue), and the inverse of the spectroscopic

enhancement W (black) versus probe intensity Mt for N = 4.8× 105. The red, blue,

and black curves are fits to the data. The data for W is calculated from R data and

the fit to C2/Ci. The 68% confidence band for the W fit and the SQL is in grey. The

dashed red curve shows the fitted R assuming no probe-induced added noise (rc =

rq = 0). The light-blue region is the predicted C2/Ci due to free space scattering. All

error bars are 1 std. dev. We use the usual convention for expressing a ratio X in

dB units, x (dB) = 10 log10X. (B) Examples of optomechanical oscillations in the

dressed cavity frequency ωc′ . The relative detuning of ωc′ and ωp results in increased

or decreased oscillation damping rates, a source of probe-induced back-action noise

(see supplementary text). Each curve is the average of 30 experimental trials. (C)

Example data and experimental sequence for the measurement of the contrast C.

Probe pulses (black) are measurements N̂↑. Microwave pulses (green) rotate the

polar angle θ of the Bloch vector. After the pre-measurement of N↑p, a variable

rotation θR is applied and N↑(θR) is recorded. The contrast C is determined from

the amplitude of the N↑(θR) fringe (curves are a fit to the data), with two examples

shown in blue and grey for Mt = 3.0× 104 and Mt = 0 respectively. . . . . . . . . . 63

3.4 Absolute phase sensitivity versus N. The red points are the observed spin-

squeezed state phase sensitivities (optimized with respect to measurement strength

Mt) for different atom numbers N . The data show the predicted 1/N2 scaling

for probing on a cycling transition [134, 34], equivalent to a linear scaling of the

spectroscopic enhancement W−1 versus N , shown in the inset. The red line is a

linear fit to the data. The SQL is confirmed by measuring the projection noise that

appears in N↓ − N↑p (black points, each 100 trials) and observing 1/
√
N scaling.

Error bars indicate 68.3% confidence intervals. . . . . . . . . . . . . . . . . . . . . . 64

3.5 The measured detection efficiencies for the spin squeezing experiment. . . . . . . . . 66
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3.6 Simplified experimental diagram. The one dimensional optical lattice trap at

λl = 823 nm is formed from a standing wave in the cavity (orange). We load

N◦ = 4.0 × 104 to 7.2 × 105 87Rb atoms into the trap and cool them to 10 µK.

The atomic sample extends ∼ 1 mm along the axis of the L = 1.9 cm long optical

cavity. State preparation is performed using a combination of 780 nm light (purple)

for optical pumping and coherent ground state rotations performed with 6.833 GHz

microwaves from the dipole antenna. A uniform magnetic field is applied to provide

a quantization axis and spectrally resolve the ground state Zeeman sub-levels. The

probe electric field forms a standing wave in the cavity, represented by the sinusoidal

red line. The atom-cavity system is probed with 780 nm light (red), set to σ+

polarization before entering the cavity. The probe light is separated from trap light

using a dichroic mirror (grey) on the probe transmission side. The probe light

is detected in both reflection and transmission with a heterodyne beam frequency

shifted by an AOM. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.7 Atomic energy level structure. The relevant energy level structure of the 5 2S1/2

to 5 2P3/2 transition in 87Rb. The cycling transition has an optical atomic resonance

frequency ωa. The cavity resonance with no atoms present (dashed light blue) with

frequency ωc is detuned to the blue of atomic resonance. The atom-cavity coupling

creates a dressed cavity resonance (light blue) with frequency ωc′ which we probe

using σ+ laser light at frequency ωp (red). The cycling nature of the transition means

scattering primarily maintains population in |↑〉 (orange). Scattering of the probe

light from atoms in |↓〉, detuned by ∼ 6.8 GHz, provides the fundamental limit to

the cycling transition, as atoms can scatter to both |↑〉 and |1〉 ≡ |F = 2,mf = 1〉

(dark blue). Furthermore, imperfect polarization can lead to transitions for atoms in

|↑〉 to other internal states. An example of scattering from a π-polarized component

of the probe is shown as the dashed red lines, with the state changing transitions in

dark blue. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
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3.8 Detailed probe path documenting generation of heterodyne beams, probe quantum

efficiencies to reflection and transmission detectors, and path length stabilization

setup for transmission using 823 nm lattice laser. The 780 nm laser (red) is split

into the heterodyne paths (thick lines) and the probe path (thin lines), which are

eventually overlapped before jointly entering single mode fibers that go to the fast

heterodyne detectors. The 823 nm laser (orange dashed line) that forms the optical

lattice trap is also directed to largely follow, in reverse direction, the transmission

heterodyne path (Heterodyne 1). Some of the path length noise is then common

mode, and appears in the heterodyne detection of the 823 light in the probe setup

area. The grey square indicates components on a platform raised 3 ft off the optical

table surface. All other components on table surface. . . . . . . . . . . . . . . . . . . 71

3.9 Timing Sequence. The experimental timing sequence showing probe laser pre-

alignment and the pre-measurement that prepares a conditionally spin-squeezed

state, followed by a final measurement to quantify the reduction in spin noise. Each

optical pumping step (purple) prepares the ensemble in |↓〉. Rotations (green) are

performed by coupling |↑〉 and |↓〉 with a coherent microwave source. Probe laser

pulses (red) correspond to individual measurements N̂↑, with the measurement out-

comes labeled as shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
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3.10 Comparing measurement noise with and without atoms. The fluctuations in

the difference between two measurements of the dressed cavity frequency ωc′f −ωc′p,

used to determine the difference of population measurements N↑f −N↑p, is plotted

versus the average number of probe photons Mt. On the left axis, the fluctuations are

expressed as the standard deviation ∆(ωc′f − ωc′p)/2π in absolute frequency units.

On the right axis, the same fluctuations are expressed as the ratio of the variance

(∆(ωc′f − ωc′p))2 to the variance (∆ωc′p)
2 caused by the quantum projection noise

(QPN) of a CSS. For the ensemble of N = 4.8 × 105 atoms here, QPN causes

fluctuations ∆ωc′ = 2π × 144(9) kHz, indicated by the line at 0 dB. Measurement

noise is compared with (red) and without (black) the atoms loaded in the trap. For

the case with atoms, the right axis is equivalent to R. The lines are fit to the data.

The error bars are 1 std. dev. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74



xxx

3.11 Probe-induced population change. (A) To measure the sum of transition

probabilities p↓↑ + p↓1, we first prepare atoms in |↓〉 with optical pumping (purple).

Next, a scattering probe pulse (red), quantified by the average number of transmitted

probe photons Mt, causes some atoms to change state to |↑〉 and |1〉. Many photons

per atom in |1〉 are scattered into free space, allowing the atoms in |1〉 to transition

to |↑〉. Thus, the measurement of the dressed cavity frequency ωc′↓ gives the total

number of atoms scattered out of |↓〉. (B) To measure the transition probability p↑↓,

we prepare atoms in |↑〉 using optical pumping and a microwave π pulse (green).

The imperfection in the σ+ polarized probe used for the scattering pulse causes

some atoms to change state to |↓〉. We again assume all atoms that scatter to |1〉

immediately transition back to |↑〉. We swap the populations in |↑〉 and |↓〉 with

another microwave π pulse, so the measurement of ωc′↑ gives the number of atoms

that scattered to |↓〉. (C) Measurements of the dressed cavity frequency due to probe-

induced internal state-changing transitions, with ωc′↓ (red) described in A, and ωc′↑

(blue) described in B. The lines are fits to the data, yielding a change in ωc′ per

transmitted photon δωc′↓ = 2π×1.11(2) Hz/photon (red) and δωc′↑ = −2π×0.86(5)

Hz/photon (blue). Here N = 2.1× 105 atoms. . . . . . . . . . . . . . . . . . . . . . . 77

4.1 Energy level diagram of a three-level superradiant laser using the optical transition

from |e〉 to |g〉. The emitted optical laser light (blue) is nearly resonant with the

cavity mode (dashed lines), detuned from ωc by δbcav. The atoms are incoherently

repumped to a third state at a rate W . Atoms in |g〉 also Rayleigh scatter at a rate

ΓR, but leaves them in state |g〉. The incoherent repumping from |3〉 to |e〉 at rate

Γ3e completes the cycle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.2 Representing the state of the |e〉, |g〉 two level system using a collective Bloch vector. 86
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4.3 (a) Steady-state photon flux ˙̄Mc versus ground state repumping rate W , with a series

of curves showing the effects of repumping through the additional state |3〉.The case

of r = ∞ is the two level model of Ref. [115] (black). (b) Photon flux ˙̄Mc versus r

with W = Wopt. For all curves, δ′0 = 0 and ΓR = 0, and the photon flux is plotted

in units of P2lvl = N2Cγ/8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.4 (a) Steady-state photon flux ˙̄Mc versus ground state repumping rate W , with a series

of curves showing the effects of detuning of the cavity resonance frequency from the

emitted light frequency δ′0. (b) Photon flux ˙̄Mc versus δ′0 with W = Wopt(δ
′
0). The

photon flux is plotted in units of P2lvl = N2Cγ/8. For all curves, r =∞ and ΓR = 0. 91

4.5 (a) Steady-state photon flux ˙̄Mc versus ground state repumping rate W , with a series

of curves showing the effects of decoherence in the form of Rayleigh scattering from

the ground state |g〉. (b) Photon flux ˙̄Mc versus ΓR with W = Wopt(ΓR). The photon

flux is plotted in units of P2lvl = N2Cγ/8. For all curves, r =∞ and δ′0 = 0. . . . . 91

4.6 Energy level diagram for a superradiant laser enabled by an induced Raman tran-

sition. States |e〉 and |g〉 are two metastable states separated by a non-optical fre-

quency ωeg. They share an optically excited state |i〉 that has a linewidth Γ. Using a

Raman dressing laser (green), detuned from |i〉 by ∆d, we can induced a optical decay

to |g〉, which, in absence of collective effects, would proceed at rate γ = Γ
4

(
Ωd
∆

)2
.

Including a single optical cavity mode, coupled to the |i〉 to |g〉 transition with cou-

pling constant 2g, gives rise to collective emission. The cavity mode frequency is ωc,

detuned from |i〉 by ∆c, making the two-photon detuning δ0 = ωc − (ωd + ωeg). To

complete the laser cycle, the atoms are incoherently repumped from |g〉 to |e〉 at a

rate W . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
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4.7 Lasing transition and Raman dressing scheme on the 87Rb D1 line (795 nm). The

dressing light (red) and collective emission (blue) are a superposition of σ+ and σ−

polarizations because the direction of propagation of the light is along the quanti-

zation axis defined by the direction of the magnetic field at the atoms. The Ra-

man dressing laser is detuned by ∆ from the atomic transition. The bare cavity

detuning is δ0 = ωc − (ωd + ωhf ). The optically excited state on the D1 line has a

linewidth ΓD1/2π = 5.75 MHz. The effective population decay from |F = 2,mf = 0〉

to |F = 1,mf = 0〉 is γ = ΓD1
4

(
Ωd
∆

)2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.8 Two step repumping process on the 87Rb D2 line (780 nm). The diagram is drawn

showing on only positive Zeeman states, but the process is symmetric with respect

to mf = ±1,±2. The desirable decay branches (magenta) show the most direct

repumping sequence, although any particular repumping sequence could go through

many ground hyperfine states. The optically excited state on the D2 line has a

linewidth ΓD2/2π = 6.07 MHz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
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5.1 A steady state superradiant laser. a, (left) In a good-cavity laser far above

threshold, many photons (yellow) circulate inside the cavity, extracting energy from

the largely incoherent atomic gain medium (blue). Thermal vibrations of the mirror

surfaces modulate the cavity resonance frequency, limiting the linewidth of the laser.

In a superradiant laser (right), the collective atomic dipole stores the coherence, and

continuous stimulated emission can be achieved even with less than one photon in

the cavity. The stimulation enables phase information to be extracted at a useful

rate, while the small intracavity photon number leads to only weak cavity-induced

backaction on the collective atomic dipole. b, To mimic a narrow optical atomic

transition, we dress the metastable ground state labeled |e〉 with a laser (blue) to

induce a spontaneous two-photon Raman transition to |g〉, with tunable rate γeg.

With no repumping light, a single superradiant pulse is emitted. d, With repumping

light applied, we observe quasi-continuous emission limited by atom loss. The atoms

emit into a single spatial mode of the cavity (TEM00) imaged on a CCD (inset).

e, The measured peak power output (black circles) scales as the number of atoms

squared.The red line is a quadratic fit to the data. . . . . . . . . . . . . . . . . . . . 105

5.2 The laser can operate in a quasi-steady-state mode in that each atom can go through

an emission-repumping cycle multiple times. However, the emitted power decreases

over time, eventually going to zero. In (a), we show one example of emission lasting ∼

10 ms. Under other conditions, we have observed emission lasting up to 120 ms. We

verify that atoms are being lost from the trap (b) by measuring a changing frequency

shift of the cavity mode consistent with atom loss. The loss is not associated with

collective emission, as shown by the equivalence of the loss observed with (red)

collective emission or (blue) induced single particle emission from |e〉 to |g〉 via free

space scattering at the same rate as the collectively enhanced decay rate. The atom

number is in units of the initial atom number N0. . . . . . . . . . . . . . . . . . . . 108
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5.3 Repumping-induced quenching a, The average number of intracavity photons

Mc versus the repumping rate w for different decay rates γeg. The inferred Bloch

vector is shown for two operating points. b, The repumping rate above which su-

perradiance is quenched wmax (green) and the repumping rate at peak output power

wpk (black) scale linearly with γeg, shown with linear fits to the data. . . . . . . . . 110

5.4 Phase coherence maintained with no intracavity photons. a, The dressing

and repumping lasers are shut off for some variable dark time Tdark. The phase of

the light relative to the dressing laser is measured shortly before and after the dark

time. b, The phasor correlation function, defined in Sec. 5.6. At times Tdark < 7 ms,

the phases are correlated because the collective atomic dipole seeds reestablishment

of superradiant emission. At longer times, the collective atomic dipole dephases and

superradiant emission restarts with a random phase. A gaussian fit is shown in red

line. Error bars ±1 s. d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
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5.5 Beyond standard optical laser stability. a, The average power spectrum of the

heterodyne signal of the emitted light (black circles) at Mc = 0.20(2) intracavity

photons with a Gaussian fit (red line). b, The average power spectrum of the het-

erodyne signal of the emitted light (black circles) at Mc = 30.6(5) with a Lorentzian

fit that excludes offset frequencies lower than 4 kHz. c, The comparison of various

characteristic linewidths. Gaussian noise processes are compared to the measured

Gaussian FWHM (dashed), and Lorentzian noise processes were compared to the

measured Lorentzian FWHM (solid). Details of the experimental configurations are

included in Sec. 5.6. d, As the decay rate γeg decreases, the atomic dipole becomes

more isolated from the mirrors, as shown by directly measuring cavity frequency

pulling P (black circles). Because of the collectively enhanced emission rate, phase

information is still coupled out of the system at a sufficient rate to achieve an ideal

RMS phase noise (red circles) sufficient for spectroscopy below the standard quan-

tum limit for 105 atoms. The fitted curves are consistent with the predicted scaling

with γeg. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.6 Primary experimental configuration – dressing beam along cavity axis.

a, The physical arrangement of the apparatus. The cavity is vertically oriented,

with the quantization axis defined by the magnetic field. The linearly-polarized D1

dressing beam is in red, and the π-polarized D2 repumping beams are green (F2)

and purple (F1). The emitted light, blue, goes into the cavity mode. It has a linear

polarization that is rotated 90◦ from the dressing beam. b, The energy level diagram

for the D1 and D2 beams. The cavity mode resonance is denoted with a blue dashed

line. The repumping dark state is labeled with a gray circle. . . . . . . . . . . . . . 115
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5.7 Secondary experimental configuration – dressing beam perpendicular to

cavity axis. a, The cavity is vertically oriented, with the quantization axis defined

by the magnetic field. The linearly-polarized dressing beam is in red, and the re-

pumping beams are green (F2) and purple (F1). The circularly-polarized emitted

light, blue, goes into the cavity mode. b, The energy level diagram for the D1 and
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scan the probe component over the cavity resonance, while keeping the probe signal
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6.6 Response of the 2D Bloch vector to external modulation of the repumping rate. The

steady-state Bloch vector, i.e. J̄⊥ and J̄z from Eqns. 4.18-4.19, is indicated by the

blue line, plotted on the axis with units of N , so N/2 is the maximum value. The

ellipse is the trajectory of the Bloch vector responding to the modulation of the

repumping rate w(t) = εRe[eiωt], described by the small signal responses ⊥ and z

in Eqns. 6.4 and 6.5. The parameters are ε = 0.1, r = 5, δ′ = 0, α = 0, and ΓR = 0.

The black arrow indicates the direction of the trajectory, starting from the blue dot

at t = 0. The values of ω are chosen to show ω � ωres, ω ≈ ωres, and ω � ωres. . . . 132



xxxix
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early polarized Raman dressing laser is shown in red and the superradiantly emitted

light in blue. The cavity mode resonance frequency ωcav is denoted with a blue
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9.1 Frequency spectrums (horizontal axis) of the superradiantly emitted light, shown as

a function of an applied magnetic field (vertical axis) that tunes the lasing transition

frequency. Warmer colors indicate more power at a particular frequency. With

the atomic ensembles pumping to magnetic field sensitive hyperfine states, as in

the secondary configuration discussed in Chapter 5, Sec. 5.6, the laser emission

frequency can be controlled with the magnetic field. (A) In the case where all atoms

are optically pumped to the same state F = 2, mF = +2 (see Fig 9.2a), the laser

emission frequency follows nearly linearly with the change in the transition frequency.

(B) When two ensembles are pumped to the opposite Zeeman states F = 2, mF = +2

and mF = −2, we can observe two distinct superradiant emission frequencies, each

associated with one ensemble. As the magnetic field is tuned to bring the laser

emission frequencies closer to degeneracy, the ensembles begin to synchronize and

eventually lock up, even though their transition frequencies may not exactly the

same. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

9.2 Results from a demonstration of a superradiant magnetometer [160]. (A) By oper-

ating the superradiant Raman laser in the secondary configuration described in in
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D.1 A schematic of the transimpedance amplifier circuit for the Hamamatsu S5973 pho-

todiode used as the Heterodyne detector in this thesis. Crucial notes about the

circuit are noted in text on the schematic. The most important features for a photo-

diode with a flat gain response up to 200 MHz was robust connections to the ground

plane, even adding additional ground connections near the AD8015 transimpedance

amplifier. The noise properties of the circuit were also improved by making the ca-

pacitance up to the input of the AD8015 low with short, in-air connections from the

S5973 output pin to the input of the AD8015. The circuit layout was designed by

Terry Brown in the JILA Electronics Shop. . . . . . . . . . . . . . . . . . . . . . . . 211



Chapter 1

Introduction

1.1 Classical and quantum correlations enhancing precision measurements

In this dissertation, I describe fundamental investigations of collective effects in atomic en-

sembles, contributing to the fields of quantum control and precise quantum measurements. My

studies took the form of two different projects that both utilized an ensemble of laser cooled and

trapped 87Rb atoms collectively interacting with a single mode of an optical cavity.

The first project focuses on non-destructive, coherence-preserving measurements of the collec-

tive pseudo-spin of the 87Rb atoms. We use this measurement to generate entangled states, called

spin squeezed states, with modified quantum noise properties. In spin squeezed states, the quantum

noise of one atom can partially cancel quantum noise in another, due to the quantum correlations

between atoms, making the collective entangled state useful for improving quantum sensors. The

primary advance in my work is the implementation of a measurement scheme that nearly eliminates

the dominant source of measurement back-action that limited our previous attempts to create spin

squeezed states. With this advance, we achieve a direct observation of ensembles with phase noise

10.5 times lower in variance than the limit set by the uncorrelated quantum noise for an equivalent

ensemble of unentangled atoms. The enhancement in phase sensitivity is nearly an order of magni-

tude greater than our previous proof-of-principle experiments [35] and to our knowledge represents

the largest entanglement-enhancement in matter systems observed to date.

In the second project, I studied collectively-enhanced emission, known as superradiance, in

the ensemble of 87Rb atoms. Ultimately, my work has led to realizing a Raman laser operating
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in an unusual regime of laser physics where the coherence of the gain medium, in this case the

atoms, is several orders of magnitude better than the coherence of the cavity field. This Raman

laser serves as a good model system for exploring the physics of proposed ultranarrow linewidth

lasers [114, 33], such as their insensitivity to cavity vibration, quantum-limited linewidth, and

amplitude stability. Using this model system as a framework, we also investigated the link between

the quantum-limited linewidth of a laser (the well known Schawlow-Townes linewidth [136]) and the

quantum limits on the precision of the phase of the field radiated by an ensemble of atoms. With

the potential to posses a sub-millihertz quantum-limited linewidth and many orders of magnitude

reduced sensitivity to cavity vibrations, superradiant lasers may be an important next-generation

optical frequency reference.

These two projects share the common connection of applying collective phenomena to the

field of precision measurement. The collective phenomena arise from the effective interactions

between the atoms mediated by a cavity mode. Such interactions between quantum systems can be

seen as another degree of freedom in the system that, if properly controlled and manipulated, can

result in new tools for science and technology that fundamentally cannot be realized with individual

quantum systems.

Historically, research to improve precise quantum measurements has focused on controlling

and manipulating quantum objects to purify their internal states, control their motional states,

and remove perturbations associated with the external environment and also interactions between

individual quantum objects. For example, optical pumping and NMR techniques were developed to

allow precise initialization and control of the internal quantum states of atoms. Later, laser cooling

and trapping techniques were developed to gain control over the external atomic motional degrees

of freedom with the goal of decreasing doppler broadening and enhancing measurement coherence

times. To mitigate interactions between atoms, precise quantum measurements have been done

with single ions or atoms, or using dilute gases where collisions are sufficiently reduced to avoid

systematic errors.

Eliminating interatomic interactions, along with mastery over the internal and external de-
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grees of freedom of these quantum objects has resulted in some of the most precise and accurate

measurements ever made [132, 74, 19]. These precision quantum measurements have led to a num-

ber of advances in science, including tests of the standard model [83] and searches for new physics

[16, 8, 128, 75]. The impacts of precision measurement tools based on quantum sensors also impacts

everyday technologies such as GPS, cellular telephones, biological sensors, and the internet [89, 44].

At the heart of many of these advances is precision time or frequency standards.

Quantum systems serve as excellent time standards because their quantum nature guarantees

that all atoms or ions are identical, the transitions can be precisely measured, and systems can be

chosen that are insensitive to external perturbations. Laser-cooled atoms can realize the current

definition of the second [165], and along with the invention of the femto-second laser frequency

comb [153, 40], new trapped atomic optical frequency standards (so called optical lattice clocks)

can have fractional frequency uncertainties approaching 1 part in 1018 [74, 19]. In the future, optical

lattice clocks may be able to use the sensitivity of time to gravity as predicted by the theory of

general relativity to serve as gravimeters for advancements in geodesy [38].

The optical lattice clock serves as a pinnacle example of the paradigm of controlling both

the internal and external degrees of freedom of single atoms (Fig. 1.1). Interactions between the

atoms are kept to a minimum by working at low densities or possibly in the future by utilizing 3D

optical lattices with at most one atom per lattice site.

However, as optical atomic clocks continue to mature, they are approaching fundamental

limitations, which serve as a good examples of the fundamental limitations for all atomic sensors.

One such limitation is the quantum noise that arises from the projection of the atomic wavefunction

from a superposition into a discrete atomic state. Another limitation comes in the form of noise in

the frequency of the laser light used to probe the atoms in the optical lattice trap. Looking forward,

one possible way to address these limitations is to leverage the additional degree of freedom provided

by inter-atomic interactions.

It has long been recognized that particular interactions in the ensemble can give rise to

interesting and useful collective states with enhanced measurement properties. Interactions between
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Figure 1.1: (A) The laser trapped and cooled sample of neutral atoms in an optical lattice clock
serves as an example of the variety of single particle control techniques used extensively in precision
measurements with cold atoms. The optical lattice trap nearly eliminates all motional perturbations
from the system, controlling the atoms’ external states and optical pumping techniques control the
internal electronic states of the atoms. Lattice clocks can also operate with fermions in dilute sam-
ples that can nearly remove collisional interactions between atoms. (B) By adding a nearly-resonant
optical cavity mode, we can introduce controlled atom-atom interactions and take advantage of this
additional degree of freedom in the ensemble. The collective state of the ensemble is more than just
many independent realizations of an experiment, possessing, for example, modified quantum noise
properties that produce enhanced sensitivity for precision measurements with the same resources
(in this case, the number of atoms).
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Figure 1.2: Examples of common interactions used for quantum simulation and generation of
interesting collective states. A) Atomic collisions have a short range of interaction ∝ r−6, and
although they can be tuned with techniques such as magnetic Feshbach resonances, can be difficult
to quickly and completely extinguish. B) Dipolar forces are slightly longer range ∝ r−3, but also
anisotropic. C) Coulomb interactions can be relatively long range ∝ r−1, but systems that take
advantage of Coulomb coupling, like ion traps, have proved difficult to scale to large atom numbers.

the quantum objects, such as collisions, are often treated as a perturbation to be eliminated from

a precision measurement system, because of the systematic errors they can introduce. Thus a key

advance in the field of quantum information is to extend the precise manipulation and control over

the quantum system to include inter-particle interactions in order to both create and apply these

useful collective states while controlling or avoiding systematic errors.

Controlled interactions open up a wide range of interesting quantum many-body phenomena

for study and for applications that cannot be realized in purely classical systems. As an ensemble

of quantum objects is allowed to interact, correlations build up throughout the system so that the

ensemble can no longer be described just as many copies of a single quantum object, but must

instead be described by a new collective state. In addition to applications in precise quantum

measurements, controlled interactions are at the heart of the fields of quantum simulation [18, 15],

quantum computation [100], quantum memories [80], quantum teleportation [5, 129], and quantum

cryptography [59]. Of primary interest in this thesis will be collective states with enhanced emission

properties (superradiance) and reduced quantum noise (spin squeezed states).

Useful inter-particle interactions can take many forms, but for the precision measurement

applications envisioned here, the interactions should be both strong and long range. Strong inter-

actions allow the useful correlations to develop quickly compared to any decoherence effects that
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often tend to destroy the collective state. Long range interactions allow the correlations to build up

homogeneously throughout the ensemble. In addition, the interaction should have rapid dynamic

control. This allows one to use interactions to create useful collective states, but then quickly

extinguish the interactions to allow the collective state to evolve during a sensing period free from

systematic errors produced by interactions.

The atoms collectively interacting with a cavity mode can meet these criteria for generating

useful collective states. The cavity provides a common communication bus between the atoms,

creating infinite range, effective interactions between the atoms (Fig. 1.1). In principle, atoms

can interact through the a cavity mode, even when separated by many millimeters or centimeters,

a much longer range than the typical ranges of interactions for s-wave collisions or dipole-dipole

interactions. The optical cavity can greatly enhance the interaction of atoms with the light field by

confining the light to a small volume. The strength of the interactions can be varied in real time as

simply as turning off the optical field providing the coupling, with the time scale limited only by

the cavity ring down time, typically < 1 microsecond. The tunability and range of interactions offer

distinct advantages compared with other types of interactions that are intrinsically much shorter-

range in nature and/or more difficult to control, such as direct collisions [49, 130, 62, 28, 108, 69],

magnetic and electric dipolar interactions [148, 168], and Coulomb interactions between ions [164,

117] illustrated in Fig. 1.2.

As another point of comparison, the top-down nature of the collective states realized in cavity

QED systems means that interesting collective phenomena can emerge in large ensembles composed

of hundreds to millions of neutral atoms. Collective cavity QED technicques have also recently been

applied to ensembles of ions [71]. The emergent nature of the correlations that develop in the cavity

QED systems mean that the ensemble size is easier to scale to a large number of quantum objects

than the deliberate correlations that are built in through pair-wise quantum logic gate operations

in ensembles of trapped ions, for example. In both the spin squeezing and superradiance studies,

we are going to leverage the ability to use large ensembles to enhance the collective interaction with

the cavity mode required to create the correlations.
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Figure 1.3: Atom-cavity coupling is a competition between coherent exchange of excitations between
the atoms and cavity at a rate

√
N2g, and loss of excitations through decay through free space

scattering Γ and spontaneous decay through both cavity mirrors κ. The enhanced atom-cavity
coupling rate arises from a constructive interference for emission and absorption with respect to
the cavity mode due to correlations among the individual atoms, the same physics underlying the
phenomena of Dicke superradiance [43].

Collective coupling means that the ensemble of atoms interacts much more strongly with the

cavity than a single atom. One atom in the cavity absorbs and reemits a photon into the cavity

at a characteristic frequency 2g, given by the atomic dipole moment and the electric field of a

photon in the cavity mode. The strength of the coupling relative to the coupling of the atom to

all other non-cavity modes is characterized by the single particle cooperativity C ≡ 4g2

κΓ , where κ

is the spontaneous decay rate of the cavity field and Γ is the spontaneous decay rate of the atomic

excited state. The relevant rates are illustrated in Fig. 1.3. The single particle cooperativity can be

interpreted as a ratio of the atom-cavity coupling rate to the rates of losing a photon through the

cavity mirrors or through spontaneous free-space scattering, after which the photon never returns

to interact with the atoms. Another useful interpretation of C is as the fraction of the time that

a single atom in the excited state decays by emitting a photon into the cavity mode. Our system

operates in the weak single particle coupling limit with C ∼ 0.5× 10−3.

However, if N atoms are in the cavity, then the atoms can collectively absorb a cavity photon

and reemit it at frequency
√
N2g. The system then has a collective cooperativity NC = 4Ng2

κΓ which
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can be much greater than 1, meaning the coherent exchange of excitations between the atoms and

cavity field can dominate over the decay processes. The collective cooperativity NC, or the effective

optical depth, also gives the fraction of time that excitations from the ensemble are emitted into

the cavity mode.

As the ensemble of atoms exchanges photons with an optical mode collectively, strong cor-

relations can build up between atoms. The correlations arise from a fundamental ambiguity of

the atoms interacting with the optical mode, as there is no way to assign photon emission and

absorption to a single atom. These correlations can be simply classical, or quantum, indicating

entanglement.

Collective emission and correlations play the central role in both of the experiments described

in this thesis. The enhanced emission into the cavity mode in a spin squeezing experiment allows

for more collective information to be extracted for the same amount of free space scattering that

causes decoherence. Non-classical correlations generated from such a measurement reduce the

quantum noise of the resulting entangled state, as correlated fluctuations can cancel. In the case

of the superradiant laser, the classical correlations between atoms spontaneously synchronize their

emission, providing the collective enhancement in the ensemble’s scattering rate necessary to extract

a useful amount of output power. In this thesis, we will study these two collective effects in

detail, particularly how they can advance precision measurements. As we will see, the correlations

between atoms introduced by their interactions in the atom-cavity system may enable precision

measurements that go beyond the limits to the single particle precision measurement paradigm

that has already been so influential and fruitful. The rest of this introduction will introduce these

two topics in detail and give a basic outline of the content of the thesis.

1.2 Coherence Preserving Measurements to Create Spin Squeezed States

The first body of work I will describe is the generation of conditional spin squeezed states in

ensembles of laser cooled 87Rb atoms confined in an optical cavity. The squeezed state generation

depends on coherence-preserving, collective measurements of atomic populations enhanced by the
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optical cavity. The key experimental advance described in my work is the reduction of measurement

induced back-action on the population states of the atoms. We reduced measurement back-action

by probing the atom-cavity system near an optical cycling transition, suppressing probe-induced

Raman scattering between internal atomic states by several orders of magnitude. The process

of performing a collective measurement on the ensemble can be thought of as building quantum

correlations, or entanglement, between the atoms through their effective interaction with the optical

cavity. The measurement is used to record the value of the correlation of quantum noise in a given

trial. The information gained can then be used to essentially subtract out the quantum noise in

subsequent measurements within the same trial.

1.2.1 Quantum Projection Noise

Quantum noise is the price we pay for the benefits associated with metrology using quantum

objects. While quantum mechanics guarantees that each quantum object, like a 87Rb atom, will

have the same, well-defined transition frequencies, we must cope with an unavoidable source of

noise that provides the fundamental limitation to many state of the art precision measurements.

One way to understand the source of quantum noise in atomic sensors is by considering the

probabilistic nature of the measurement process. Atomic sensors encode their information in a

quantum phase φ(t), a relative phase that accumulates in the wavefunction of a two level system

placed in the superposition of the two quantum states |Ψ〉 = cos((π/2 − θ)/2) |↑〉 + eiφ sin((π/2 −

θ)/2) |↓〉. The state of such a two level system can be directly mapped onto a Bloch-vector[51] of

length |J| = J = 1/2, whose tip lies on a sphere and whose orientation is given by the azimuthal

angle φ and a polar angle θ, here measured from the equator as shown in Fig. 1.4. The value of φ

is most often estimated by measuring the population of atoms in different quantum states after φ

is mapped onto θ at the end of a Ramsey sequence (see Fig. 1.4). The angle θ can then be simply

estimated by measuring the probability that the atom is in |↑〉 P↑ or |↓〉 P↓, i.e. the projection of

the Bloch vector onto the z-axis Jz = (P↑ − P↓)/2, as in the small angle limit θ ≈ Jz/J .

The quantum phase φ evolves continuously while an atom or qubit is in a superposition of
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φ(t)

Prepare	
   Readout	
  Evolve	
  

θ(t) = π
2
−φ(t)

ẑ

x̂
ŷ

Figure 1.4: Illustration of a Ramsey sequence with a two level system represented by a Bloch
sphere. The first step is optical pumping the atoms all into |↓〉 (light red arrow), then performing
a π/2 rotation about −ŷ axis to place the Bloch vector along x̂. The Bloch vector then precesses
around the ẑ axis at a rate proportional to the energy difference between |↑〉 and |↓〉. The Bloch
vector precession represent the evolution of the quantum phase in the wavefunction |Ψ〉 = cos((π/2−
θ)/2) |↑〉+eiφ(t) sin((π/2−θ)/2) that we ultimately wish to measure. The second π/2 pulse performs
another rotation about −ŷ and maps the φ(t) onto the coefficients of the population states, or
equivalently onto the polar angle of the Bloch sphere. The quantum phase φ(t) can then be
inferred by measuring the state of the two level system. Quantum randomness in the projection
onto the population basis results in fundamental quantum noise limiting the resolution of the angle
φ(t).
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x̂
ŷ

ẑ

Signal:	
  	
   
J = J = N / 2

Δ(J ⋅ ẑ) = ΔJz = N / 2
Noise:	
   

Figure 1.5: The standard quantum limit for a coherent spin state. Quantum noise appears as an
uncertainty in the pointing location of the classical Bloch vector J, represented by the blurry red
region at the tip of the vector. The signal, that is, the change in the z projection of J for a given
angular rotation, increases linearly with N . However, the standard deviation in a measurement of
the z projection from quantum noise grows as

√
N .

its two spin states, but the measurement process always finds an atom in one of the two popu-

lation states |↑〉 or |↓〉, or equivalently θ = ±π/2. Thus for an atom in an equal superposition

of spin states, the readout has fundamental fluctuations that require repeated measurements over

identical experiments in order to precisely estimate the probabilities P↑ and P↓. This noise is often

called quantum projection noise[76], associated with the notion of the measurement projecting the

superposition state onto one of the population states.

Using ensembles of N identical atoms is equivalent to running many independent experiments

in parallel in order to more precisely determine the probabilities P↑ and P↓. We can conveniently

represent the measurement resolution of the collective state using a collective Bloch vector of

length |J| = N/2, as shown in Fig. 1.5. Averaging the outcomes of the N parallel experiments,

quantum projection noise limits the uncertainty in the estimate of θ (and therefore φ) to a variance

(∆θ)2 ≥ (∆θSQL)2 = 1/N , a limit known as the standard quantum limit (SQL) for a coherent
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Figure 1.6: A summary of results for the observed entanglement-enhanced sensitivity for measuring
a quantum phase across a variety of physical systems and mechanisms. The solid points indicate
results that use coherence preserving pre-measurements, the most relevant results for comparison
to this work. The result from this work is highlighted with a red circle. (A) Absolute observed
phase resolution of an ensemble, emphasizing the improvement in the absolute sensitivity from
simply starting with a large ensemble of atoms. Though our result is far from the Heisenberg limit,
the large ensemble size allows improvement for an already highly resolved phase. (B) The observed
enhancement of phase resolution relative to the SQL. The blue line indicates the fundamental
Heisenberg limit. Compared to previous work, which observed interesting, but small entanglement-
enhanced sensitivities, we have observed over an order of magnitude enhancement in a system
readily applicable to precision measurement experiments such as optical lattice atomic clocks. To
date, our result is the largest enhancement in any system using matter as spins. The other results
can be found in Refs. [116, 102, 117] for experiments using ions, Refs. [49, 130, 62, 28, 108, 69,
104] for experiments using one-axis twisting, and Refs. [4, 159, 141, 139, 35] for non-demolition
measurements.

spin state (CSS). Throughout the thesis the notation ∆X indicates the standard deviation of the

quantity X over many independent trials. Thus, the primary way to mitigate quantum projection

noise is to use as many atoms, or photons in the case of optical interferometry, as possible.

However, scaling up the system size also has limitations. In the case of photons, this limitation

may not be immediately apparent as the photons don’t interact with one another. However, high

power effects like parametric instabilities [50] and radiation pressure back-action (recently observed

in optomechanical systems [123]) can make photon shot noise a limitation in precision measurement
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experiments such as gravitational wave detectors LIGO [1] and GEO600 [2].

In atomic sensors, the limitations to system size are much more apparent. Collisions between

atoms can cause perturbations to atomic transitions [29], affecting the accuracy of the sensor. Other

times, the desire for high spatial resolution of a sensor can constrain the trap dimensions, limiting

the ensemble size.

Ultimately, for an optimal number of quantum objects, quantum projection noise sets the

fundamental phase precision. Both atomic sensors and the optical interferometers used for gravi-

tational wave detection are nearly or already limited by quantum noise, so entanglement-enhanced

metrology would improve some of the most precise measurements of external fields [93], rotations

[66], and time [74], and will advance searches for new physics [120].

1.2.2 Squeezed states

By entanglement-enhanced metrology, we mean the use of non-classical correlations between

individual members of the ensemble to improve the fundamental precision. It has long been recog-

nized that non-classical states can have modified quantum noise properties, which could enhance

the resolution of sensors and interferometers beyond the SQL [31, 164].

Squeezed states are non-classical states with modified quantum noise properties first inves-

tigated in the field of optics. It was theoretically shown and experimentally demonstrated that

entanglement in the optical field could reduce quantum noise in one quadrature of the field at the

expense of added noise in the orthogonal quadrature. For instance, the quantum noise can be

squeezed out of the field’s phase quadrature for enhanced phase measurements in an interferom-

eter. The quantum noise is squeezed into the amplitude quadrature, but this quadrature is not

relevant for making phase measurements. Represented on a phasor diagram, shown in Fig. 1.7,

the quantum uncertainty of the most classical state, a coherent state, is represented by a classical

probability distribution that smears out the tip of the classical vector. Here the distribution is

visualized as a circle with equal quantum noise in both quadratures. The entangled state has an

elliptical shape. The Heisenberg uncertainty relationships require that the total area defining the
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Figure 1.7: Squeezing in an optical field, or equivalently a harmonic oscillator, with the two con-
jugate variables on the X1 and X2. Both the coherent and squeezed states can be represented
as a classical phasor with quantum uncertainty. The area of uncertainty is constant, but can be
distributed among the different quadratures. In this case, the squeezed state has a reduced phase
uncertainty ∆φSS at the expense of increased uncertainty in the amplitude ∆ASS .

size of the quantum noise must remain constant. So the uncertainty in one quadrature can be

pushed into the other, giving the squeezed state its name.

Squeezed states in optics were long considered a solution looking for a problem, as many times

the quantum noise of a coherent state could more easily be mitigated by using more optical power

than implementing squeezing protocols. Currently however, squeezed states are actively being used

to improve searches for gravitational waves using optical interferometers [1]. Another possible use

of squeezed light is microscopy in biological systems where intense light can damage biological

system [150]. As discussed previously, the situation is different for sensors that use ensembles of

atoms or ions.

Spin squeezed states, referring to the squeezing of the pseudo-spin formed by any two level

system, were first produced and shown to operate below the projection noise limit for two ions

[116]. Spin squeezed states have a direct analogy to optical squeezing, except that the noise in one

spin projection, say Jz is reduced at the expense of increased noise in an orthogonal spin projection,

Jy for example. The impressive degree of coherence and state control allowed ion system to realize

other non-classical states (such as NOON or cat states) with altered noise properties and/or phase
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accumulation rates [102, 117] realizing the fundamental noise limit even for entangled states, known

as the Heisenberg limit, where ∆θ2 ≥ ∆θ2
H = 1/N2 (see Fig. 1.6B).

Though entangled states of a few ions have been demonstrated at the fundamental Heisenberg

limit, their phase precision can be surpassed by classical states that simply use more atoms (Fig.

1.6). The atomic fountain clocks that realize SI second use of order 105 atoms per experimental trial,

and optical lattice clocks, good candidates for future time standards, use of order 103 to 105 neutral

atoms. Sensors with many neutral atoms are promising because they possess an intrinsically small

quantum-limited noise floor. In addition, the potential enhancement in measurement precision from

a squeezed state can be much larger in systems with large ensemble size because of the 1/N relative

scaling in phase variance between the SQL and the Heisenberg limit. As a result, techniques that

can can generate a large degree of squeezing systems such as optical lattice clocks [74, 19], could

make a large impact on precision metrology.

One approach to generating spin squeezing in atomic systems is to non-destructively pre-

measure the quantum fluctuation in Jz before each Ramsey sequence, and then subtract the mea-

surement outcome from the measurement outcome for Jz obtained at the end of the Ramsey

sequence. The quantum noise will be common to the two measurements, while any phase accu-

mulated during the Ramsey sequence will not be common [99]. While the resulting state of the

ensemble is sometimes termed a conditional spin-squeezed state, the reduction in noise is essen-

tially deterministic with no discarding of trials necessary. My work here uses this pre-measurement

approach. The essential idea is illustrated in Fig. 1.8.

The pre-measurement scheme stands in contrast with other techniques to generate squeezed

states where appropriate interactions between atoms generate correlations without the need for

noise subtraction. For comparison, these results are included in Fig. 1.6. In systems of ions,

interactions mediated by the Coulomb force produce the entanglement [164, 117]. In neutral atoms,

squeezed states have been generated using atomic collisions in ensembles of degenerate gas to

produce the desired interactions [49, 130, 62, 28, 108, 69]. Notably, it was also demonstrated that

effective atom-atom interactions mediated by cavity-based optical feedback could also produce
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squeezed states [104]. Note that there is an intellectual connection with the pre-measurement

technique presented in this thesis and the cavity feedback technique in that cavity feedback can be

understood as the cavity measuring the Jz spin-projection and then creating a ẑ rotation of the

spin proportional to the measured value. This rotation causes a shearing of the state uncertainty,

similar to the original one-axis twisting proposal put forth by Kitagawa and Ueda [87].

The pre-measurement approach relies on measurement back-action, the ability of a measure-

ment to change the state of the system being measured. For example, a measurement of a system in

a superposition of two states causes the system to project, or collapse, into one of the two discrete

states, resulting in quantum projection noise. Measurements performed on an ensemble, however,

can project the ensemble into an entangled state when only collective quantities are measured. For

example, using two spins each in a superposition state, a joint measurement that only revealed

that one of the two spins was in spin-up, but not which one, is projected into the entangled state

|Ψ〉 = (|↑1↓2〉+ |↓1↑2〉) /
√

2. Any information about the spin-state of a single atom that leaks to

the environment due to imperfections in the collective measurement reduces entanglement as the

collapse of state of the individual atoms means the previous entangled state becomes either one of

the two unentangled states |↑1↓2〉 or |↓1↑2〉. Such collective or joint measurements arise in a wide

range of applications, including quantum teleportation [119], quantum information protocols [91],

studies of strongly-correlated quantum systems [48], Dicke superradiance [43], and entanglement

generation in optical [65], solid state [131] and atomic systems [39].

A collective pre-measurement of the spin state of an ensemble can precisely measure the

quantum noise, while preserving the coherence between states that is required for sensing a quantum

phase [99]. The collective pre-measurements invoked here are intimately tied to the notion of

quantum state preparation and quantum non-demolition measurements. To make a non-destructive

measurement of the atomic state, often an optical beam is passed through the ensemble. The light-

atom interactions cause the state of the field (for instance, it’s polarization state or quadrature

amplitudes) to become entangled with the state of the atoms, such that a subsequent destructive

measurement of the light field can give the state of the ensemble. After the destructive measurement
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Figure 1.8: Generating a squeezed state with a coherence-preserving pre-measurement for a Ramsey
sequence. A coherent spin state has an initial uncertainty in the azimuthal angle of the Bloch vector
∆θSQL set by quantum noise that defines the SQL for phase resolution of the state. By performing
a measurement on the polar angle θ using a population readout with resolution below the quantum
noise limit, the deviation of the Bloch vector from the equator on that particular trial, δθ, can be
recorded. Another π/2 pulse rotates the quadrature with a known quantum fluctuation into the
the azimuthal quadrature and the Ramsey sequence can begin. A noiseless vector going through
the Ramsey sequence is shown as a dashed line. While the final output of the interferometer will
still exhibit quantum fluctuations ∆θSQL about the average output polar angle δφ, the fluctuations
can be subtracted on a trial by trial basis due to the knowledge of the initial state from the
pre-measurement. Effectively the state has an uncertainty set by the measurement resolution,
determining the precision which one can measure the initial quantum fluctuation.
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of the light field, the atomic ensemble is projected into an eigenstate of the measurement. As

described above, a measurement of a collective quantity can then result in projection into an

entangled state.

While measurement back-action can work to our benefit in the case of preparing a state with

reduced quantum noise properties, this does not need to be the case. Fundamental measurement

back-action requires added noise in the orthogonal quadrature to the measurement. Fortunately, in

spin systems, the orthogonal degree of freedom does not couple back into the measured quadrature,

unlike in mechanical systems, where a position measurement adds uncertainty to the momentum,

which affects the position at a later time [26].

However, there can be additional sources of back-action in a spin system. One example is

atoms individually scattering probe light out of the cavity mode, projecting them into a definite

population state and taking them out of the collective ensemble, leading to a shortening of the

Bloch vector J. This back-action makes the ensemble less sensitive to a quantum phase, as the

observable signal Jz is proportional to Bloch vector length in the small squeezing limit Jz = |J|θ

for the same rotation θ. In addition, a scattering event can also cause an atom to change its spin

state, resulting in added noise in the quantity Jz being measured. The added noise in Jz from

population diffusion can reduce the correlation between the pre- and final measurements of Jz,

limiting the degree of noise reduction in the differential spin projection measurements. Ultimately,

the spectroscopic enhancement W−1 relative to the SQL that can be achieved, quantified here as

the ratio of the SQL to the observed angular variance W−1 = (∆θSQL/∆θ)
2, is a combination of

reduction in noise and the loss of signal caused by the pre-measurement.

The degree to which atoms appear indistinguishable to the measurement, i.e. only collective

information is obtained, sets the limit on these two forms of back-action. Thus one figure of merit

for the measurement is the degree of indistinguishability, quantified by the collective optical depth

NC. Free space ensembles with high optical depth provided by trapping and/or high densities have

been shown to be able to generate conditional spin squeezed states [4, 159, 141].

An optical cavity enhances the optical depth by a factor of the cavity finesse F . Compared
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to free space measurements, significant enhancements on the optical depth can be achieved at lower

atomic densities, critical for sensors to avoid inaccuracies associated with collisions in high density

samples. The collective scattering of the atomic sample into the cavity mode means that the rate of

obtaining collective information is enhanced relative to the rate of single particle scattering. Thus

operation deep in the strong collective coupling regime, NC � 1, is important.

First proof-of-principle experiments, both in free space [4, 159, 141] and in optical cavities

[139, 35], have generated conditional spin-squeezed states by using collective pre-measurements,

with results shown in Fig. 1.6. However, measurement-induced back-action has limited direct

observations of spectroscopic enhancement to only W−1 ≤ 1.4 [159]. Note that larger stated

improvements appear in these papers, but most often these values include background subtractions

and do not represent the actual obtained spectroscopic enhancement. Such modest improvements

are not useful for precision measurements, as the added cost and complexity to a device are likely

not worth such small improvement. If entanglement-enhanced metrology is to continue to advance,

we must show it is possible to realize metrologically relevant degrees of spectroscopic enhancement

using entanglement, such as the order of magnitude improvement realized in this work. Importantly,

the results presented here can be mapped directly onto several atomic species used in optical lattice

clocks, such as Sr and Yb.

In Chapter 2, I describe our atom-cavity system, giving technical details regarding the optical

cavity and trapping and cooling the atoms. This chapter serves as a foundation for both the

squeezing experiment and the superradiant laser experiment. Then in Chapter 3, I describe the

generation of spin squeezed states of ∼ 5× 105 atoms with precision enhanced by W−1 up to 10.5

beyond that of an entangled state using a method compatible with state of the art optical lattice

clocks. I give the specific setup of the squeezing experiment, focusing on the improvements to the

previous implementation of measurement-induced spin squeezing that allowed us to improve the

directly observed spectroscopic enhancement by nearly an order of magnitude beyond our previous

result.



20

1.3 Superradiant lasers

The second class of experiments covered in my thesis is the development of a superradiant

Raman laser using the laser-cooled 87Rb cavity QED system. Our system operates very deep in the

bad-cavity regime where the atomic linewidth γ⊥ is much less than the cavity linewidth κ, similar to

an active hydrogen maser [60]. In this regime, the correlations between individual atomic dipoles

that result in the collectively enhanced emission, or superradiance, arise spontaneously through

emission into the cavity mode, building a collective coherence that can exceed the coherence of a

single particle alone. As a result of operating in this unusual regime of laser physics, we observe

a variety of interesting phenomena, including lasing and linewidth narrowing with on average less

than 1 photon inside the laser cavity. Such a collectively-emitting ensemble of cold atoms is at

the heart of proposals for future millihertz linewidth lasers where the gain medium would consist

of alkaline-earth atoms with narrow optical transitions[115, 33], and we confirm a number of key

predictions for superradiant lasing relevant for these proposed millihertz linewidth lasers.

1.3.1 New frontiers in ultrastable lasers

Frequency stable lasers are our primary rulers for space and time. In particular, narrow

linewidth lasers are crucial ingredients in optical clocks [45, 118, 74, 19] and their comparison

[132, 118], timing signal distribution [54], and precision tests of fundamental physics [38]. Most

neutral atom optical clocks work by stabilizing the frequency of a probe laser to the nearly forbidden

optical transition in alkaline-earth atoms using high-resolution laser spectroscopy. In state of the

art clocks, the frequency stability of the probe laser is currently the primary limitation to the

clocks’ precision. The finite frequency stability of the laser both limits the spectroscopy interaction

time and introduces additional noise during the dead time in the measurement cycle while atoms

are being re-loaded in the clock. Consequently, enabling a next generation of ultra-stable, narrow-

linewidth lasers would impact a wide range of technical and fundamental scientific applications,

including communications, navigation, geodesy [38], determining the fundamental constants of
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nature [53] and searches for physics beyond the standard model [17].

Lasers stabilized to highly engineered Fabry-Perot cavities have achieved remarkable levels

of frequency stability. However, even in state-of-the-art stable lasers, the mirrors of the reference

cavity to which they are stabilized vibrate due to thermal noise, causing time-integrated phase

drifts that limit the laser linewidth to between 0.04 and 0.3 Hz [78, 84].

Superradiant lasers offer an alternative, complementary path forward. Recent proposals[115,

33, 114, 113] suggest that superradiant laser oscillators utilizing very narrow optical transitions in

atoms can be orders of magnitude more spectrally pure than current lasers. When κ � γ⊥, the

optical atomic transition acts as the repository for phase coherence and the laser frequency and

linewidth is set by the atomic transition. In essence, the man-made artifact of the reference cavity

is replaced with a quantum reference. Deep in this bad-cavity regime, the laser can be primarily

viewed as a very coherent ensemble of atoms where the emission rate of the gain medium is enhanced

by superradiance [43, 63]. Therefore, I use the terms bad-cavity regime and superradiant regime

interchangeably.

1.3.2 Superradiance

Superradiance is a constructive interference effect where the correlations among the individual

atomic dipoles results in an enhancement by N of the excited state decay rate, and thus the total

power emitted by the ensemble. For an ensemble of 2-level atoms confined within an optical

wavelength, the indistinguishability of the atoms with respect to the emitted radiation results in

the ensemble emitting collectively. The ensemble can store many excitations, making it a source

of multiple photons with a well-defined phase relationship as they reflect the coherence of the

correlations stored in the ensemble.

Even in an extended sample, correlations between atoms (in this case, a spatially dependent

phase relationship between the optical dipoles of the atoms) can result in constructive interference

along preferred directions. The correlations spontaneously form as excitations are emitted into

optical modes in which the sample has high optical depth. This can be viewed again as a condition
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Figure 1.9: A cartoon representation of superradiance in an extended ensemble of atoms. For a
collection of atoms radiating with independent phases (A), the light is isotropic and the total power
emitted goes as NP0, where P0 is the power emitted by a single atom. For ensembles with spatially
correlated radiating phases (B), represented by the synchronization of the arrows on the atoms, the
emitted light can constructively interfere along certain directions, resulting in an N2 enhancement
of the power radiated along this direction. The cooperativity parameter C serves as a measure of
the range of directions (fractional solid angle) over which the constructive interference occurs. The
total power radiated due to this constructive interference is then proportional to N2CP0, i.e. NC
larger than for the total power from non-correlated radiation.
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for indistinguishability of the emitted excitation giving rise to the correlations between atomic

dipoles. As a result, superradiance in extended samples have a directionality to the enhanced

emission (Fig. 1.9).

The addition of an optical cavity provides a very high effective optical depth mode for the

collective emission. Although the visual representation of correlations present in the atomic dipoles

becomes more complex, the addition of the cavity mode actually greatly simplifies the system as the

single cavity mode easily becomes preferred over all other spatial modes. Thus, in a superradiant

laser, the cavity serves primarily as a way to establish and maintain the synchronization between

the atoms.

1.3.3 Good Cavity, Bad Cavity: opposite extremes in laser physics

Previously, most optical lasers have operated in the good-cavity regime of laser physics de-

fined by the condition κ/2 � γ⊥ (see the left side Fig. 1.10). In other words, the cavity field

is more coherent than the gain medium. High rates for excited-state decay in optical transitions

in atoms, combined with transition broadening from repumping, lattice interactions in solid state

gain mediums, or Doppler effects in gases, have prevented lasers from operating with κ/2 � γ⊥.

In the good-cavity regime, the phase coherence is primarily stored in the cavity light field, and the

polarization of the gain medium adiabatically follows the state of the cavity field. As a result, the

laser frequency and linewidth is determined primarily by the cavity properties, with the familiar

quantum-limited linewidth given by the Schawlow-Townes limit [136] as ∆fGC ∝ κ
Mc

where Mc is

the average number of intracavity photons. The Schawlow-Townes limit can be made quite small

in optical lasers, and the linewidth is instead limited by the laser cavity stability or the stability of

an external optical reference cavity.

Deep in the bad-cavity limit, the roles of the atoms and photons have been reversed in

some ways. Here the cavity field rapidly decays, and the phase coherence resides primarily in the

atom’s robust collective coherence. The cavity field adiabatically follows the polarization. In fact,

such lasers are predicted to operate with a very small intracavity field – just enough to maintain
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the synchronization between the individual atomic dipoles. This means that the laser frequency

properties are determined largely by the atoms (right side of Fig. 1.10). In this limit, the Schawlow-

Townes linewidth is set by atomic properties ∆fBC ∝ γ⊥
N , analogous to the good-cavity case, but

with the number of atomic quanta N replacing the photonic quanta Mc and the cavity damping

rate κ replaced by the atomic decoherence rate γ⊥.

Additionally, the laser frequency is mainly determined by the atomic transition frequency,

with the sensitivity to cavity frequency changes being reduced by the ratio P = 2γ⊥/κ. The laser

emission frequency is fl ≈ fa+P (fc−fa), where fa is the atomic transition frequency and fc is the

cavity resonance frequency. This insensitivity could be important for operating optical frequency

sources in high vibration applications such as communications, geodesy, space-based interferometry,

and GPS.

The correlation among dipoles in the gain medium exists in both good-cavity and bad-cavity

lasers, but the difference is largely how the correlations arise. In a good cavity laser the very strong,

coherent cavity field locks the ‘forgetful’ atomic dipoles into a well defined phase relationship, forcing

them to emit in phase with the cavity field. However, the cavity field can be greatly impacted by

vibrations of the cavity mirrors. Conversely, in the superradiant laser, the atoms are very coherent

and will largely stay in phase on their own, sustained by the spontaneous build up of correlations

as a result of the ensemble collectively emitting into the cavity mode. In the superradiant case, it is

the cavity mode that is ‘forgetful’, so the intracavity field is directly locked to the atomic coherence.

At microwave frequencies, masers typically operate in the bad-cavity regime with a long his-

tory of contributions to precision spectroscopy [60, 90, 127]. Because the system actively oscillates,

the linewidth is narrowed by the presence of many atoms oscillating and can be much narrower

than both the broadened linewidth and potentially the atomic decay linewidth. Because of the

thermal photon occupation at microwave frequencies, cryogenic operation is required for optimal

stability [9]. In contrast, an optical system can potentially access quantum limits on performance,

can operate in a novel regime with less than single quanta on average in the cavity-field, and can

overcome fundamental thermal limitations on current optical light sources.
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Figure 1.10: (Left) In the good-cavity limit, the atomic coherence rapidly decays, and the photon
field is the primary reservoir of phase information in the laser. As a result, perturbations which
disturb the cavity resonance frequency, such as thermal mirror vibrations (drawn as curved lines
near the mirrors), limit the frequency stability of the laser. (Right) At the other extreme, the bad-
cavity, or superradiant, laser presented here operates in a regime where the atomic coherence decay
rate γ⊥ is much less than the cavity power decay rate κ. In this regime, the atomic gain medium
is the primary reservoir of phase memory in the laser, a fact represented by the aligned dipoles
of the atoms and a cavity mode nearly devoid of light quanta. Because the emission frequency
is primarily determined by the atoms, perturbations from fluctuations in the cavity frequency are
suppressed. (Middle) Near the crossover regime, the phase coherence is jointly stored by the atoms
and the cavity photons, making it a polariton-like excitation. Most optical lasers operate in the
good-cavity limit (one example is the cold atom Raman laser of Ref. [156]), with microcavity
diode lasers [12] and far infrared (FIR) gas lasers, using Xe [30], NH3 [70, 162], and HeXe/HeNe
[97], operating in the vicinity of the crossover, polariton-like regime. Our cold atom Raman laser
is unique both in terms of operating so deeply into the bad-cavity regime, and also in that the
steady-state intracavity photon number can be made much less than one.
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Figure 1.11: The long lived, nearly forbidden 3P0 to 1S0 transition in elements like Sr, Yb or
Ca, with excited state decay rate γeg, is mimicked by a two photon Raman transition between
hyperfine ground states in 87Rb. The Raman dressing laser, with Rabi frequency Ω, is detuned
from an optically excited intermediate state |i〉 to induce an optical decay from |e〉 to |g〉 at rate
γeg, mimicking the naturally occurring decay on the left hand side. This decay rate can be tuned
over a wide range by adjusting the dressing laser intensity and/or detuning from the intermediate
state. In both cases, population inversion is maintained by incoherently repumping the atoms back
to the excited state |e〉 using another laser that excites atoms in the ground state |g〉 to a short-
lived optically excited state after which they quickly spontaneously decay to |e〉. The collective
blue laser emission in both cases is resonant with the optical cavity mode, while the single-particle
spontaneous emission for repumping (yellow) is not resonant and is scattered into free space.
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Until recently, attempts to observe the features of optical lasers in the bad-cavity regime have

been limited to operation near the cross-over regime (i.e. where the cavity linewidth is approxi-

mately equal to the linewidth of the gain medium). In the cross-over regime, the excitation of the

oscillator is described best as a polariton, possessing significant atomic and photonic contributions

(Fig. 1.10 center). Kuppens et al. [97, 98] studied HeNe and HeXe infrared gas lasers in the good-

cavity to bad-cavity crossover regime 2γ⊥/κ = 6 to 0.2, with 2γ⊥ ≈ 2π × (100 to 500) MHz, and

with Mc � 1 intracavity photons. They observed linewidths up to an order of magnitude below

the naive linewidth limit expected in the good cavity regime ∆fGC. Other work with far infrared

gas lasers investigated the mapping of the Lorenz model onto the laser equations, observing signa-

tures of chaos [67, 162]. Microcavity lasers, such as VCSELs, have operated near the bad-cavity

regime [12], but their usefulness as a state-of-the-art phase reference is limited due to the linewidth

broadening inherent in semiconductor gain media.

The utilization of nearly forbidden optical atomic transitions, along with advances in laser

cooling and trapping, have opened up the possibility to access the superradiant regime in the

optical domain. To minimize inhomogeneous broadening of the atomic transition, proposed narrow-

linewidth superradiant lasers would use trapped, laser-cooled atoms as the gain medium [115, 33].

The first use of cold atoms as a laser gain medium was reported in Ref. [73]. Recently, the spectral

properties of a cold-atom Raman laser were studied in a high finesse cavity, deep into the so-called

good-cavity regime [156]. Clouds of cold atoms can also simultaneously provide gain and feedback

for distributed feedback lasing [138] and random lasing [6]. Cold atoms have also been used as the

gain medium in four-wave mixing experiments [61, 7, 13] and in collective atomic recoil lasing [94].

1.3.4 A superradiant Raman laser

In my thesis work, we use our 87Rb cavity QED system to realize a superradiant Raman

laser as a controllable, model system to explore the physics of proposed superradiant optical lasers.

By dressing a meta-stable ground state, we use a two-photon Raman transition to demonstrate

operation deep into the optical bad-cavity regime, achieving 2γ⊥/κ ∼ 10−4. An energy level diagram
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showing the analogy between the two systems is shown in Fig. 1.11. Previously, Raman lasers using

laser-cooled, untrapped atoms have operated in the good-cavity limit [156], or in the bad-cavity

limit without studying the spectral properties of the light, with Mc � 1 intracavity photons, and

with no distinction between the Raman dressing laser and repumping laser[73, 64, 32]. Additionally,

optomechanical forces have made interpretation of previous results difficult [32]. Four-wave mixing

[64, 13] was used to observe a discrete quantum symmetry-breaking phase transition [7].

Starting in Chapter 4, I introduce a theoretical model of a superradiant laser, deriving the

steady-state behaviors of the laser’s atomic inversion, atomic polarization, and light field amplitude.

Then in Chapter 5, I give the first experimental results using the apparatus described in Chapter 2,

where we demonstrate lasing deep in the bad cavity regime with less than one intracavity photon

and observe cavity frequency pulling coefficients P as small as 5 × 10−5. In Chapter 7, I identify

relaxation oscillations and dynamic cavity feedback that can serve to damp or enhance oscillatory

behavior of the laser field’s amplitude, as well as the atomic inversion and polarization. The research

into laser amplitude stability is supported by the linear response theory of a superradiant laser

contained in Chapter 6. Finally, in Chapter 8, I connect the two topics of this thesis by exploring

the connection between the Schawlow-Townes linewidth and the standard quantum limit for phase

estimation. Because the coherence of a superradiant laser is stored primarily in the atomic ensemble,

the laser light can be viewed as a continuous, non-destructive readout of a collective quantum phase.

In this last chapter, I theoretically explain the optimal estimator of the quantum phase from the

light field measurement and experimentally demonstrate using the superradiant readout for Ramsey

spectroscopy, which has lead to additional work as a superradiant magnetometer [160].



Chapter 2

Apparatus

In this chapter, I describe the apparatus used to perform the experiments discussed in the

later chapters, common to both the spin squeezing and superradiant experiments. First, I describe

the laser systems, including the lasers, frequency stabilization, and frequency distribution to the

experiment. Next, I describe the details of the science chamber, including the optical cavity used

for the experiments. I give the schemes used for the optical trapping that prepares the atoms for

the subsequent experiments. Finally, I give an overview of the detectors and electronics that are

used to detect and process signals from the experiments. Technical details for specific experiments

will be provided in subsequent chapters.

2.1 Laser Systems

Lasers are the primary way we control and manipulate the atoms’ internal and external

degrees of freedom in our experiment. The laser system used can be subdivided into three modules

that operate mostly independently from one another. Two laser subsystems operate on the D2

line of 87Rb at 780 nm. The final subsystem uses lasers operating at both 795 nm (the D1 line in

87Rb ) and 823 nm (for an off-resonant optical lattice trap), combined into a single system using

a stabilized Fabry-Perot cavity to transfer frequency stability to the trap laser and ultimately to

the science cavity. In this section, I first describe the general external cavity diode laser (ECDL)

design used throughout the experiment, then give the details on the individual laser subsystems.

The section concludes with a description of the laser beatnote phase locks and RF signal generation
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Figure 2.1: A CAD model of the custom ECDL used throughout the laser systems in our lab.
The laser diode is mounted in the lens tube assembly. The diffraction grating (white) provides
frequency selective optical feedback to the narrow the laser linewidth. The grating is mounted on
the adjustable pivot. A piezoelectric slab provides a method of feeding-back to the grating position
for wideband laser frequency tuning by pivoiting the assembly. The grating can also be manually
adjusted with the two screws that push on the pivot. The 45◦ mirror out-couples the laser light
(out-coupling lens not shown). The temperature control Peltier device rests under the mount as it
sits in the external enclosure.

used to control the laser frequencies.

2.1.1 General ECDL design

All the lasers, except for the 780 nm narrow DBR lasers, are the same ECDL originally

designed by graduate student Shannon Sankar and machined in the JILA instrument shop, shown

in Fig. 2.1. The laser diodes are mounted in the internal mount, which is housed in the external

enclosure. The different laser diodes used are described in their respective sections. The mount

holding the laser diode is temperature controlled with a Melcor Peltier device (PN: UT8-12-25-F2)

separate from the laser diode itself. The laser mount has an adjustable diffraction grating providing

optical feedback to the laser diode. The gratings can be adjusted manually to optimize feedback into

the diode which is critical for robust single mode operation of the lasers. The optimum alignment
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is associated with the lowest threshold current for lasing. A separate piezoelectric control provides

tuning of the angle of the grating, adjusting the frequency of the optical feedback into the laser

diode to provide wideband, mode-hop-free tuning when used in conjunction with a feedforward to

the laser current. We observe at least 6 GHz mode-hop free tuning for the laser frequency for time

scales on the order of seconds, turning the laser lock point by hand. The feedforward is the limit

on the tuning range. We have observed rapid single mode frequency tuning (1.184 GHz per ms)

for short frequency sweeps, on the order of 70 MHz, used in the experiments described in Ref. [35].

For these sweeps we assume only the current is changing and the grating tuning is not needed.

After exiting the ECDL enclosure, the beams pass through an opto-isolator, either from

Electro Optics Technology (PN: WT-04-I-780-MP) for the 780 nm MOT and state preparation

lasers or a Optics For Research (OFR) opto-isolator (PN: IO-3-795-HP). The output is coupled

into single mode optical fibers for distribution throughout the experiment. All fiber optics used for

laser signals are OZ optics (PN: PMJ-3AF3AF-780-5/125) single mode optical fibers. The fibers

have an 8◦ angled output to avoid back reflections off the fiber tip. In addition, fibers that directly

face the ECDL have an in-house AR coating applied to the tips. We avoid using fiber patch cord

connectors as we noticed back-reflections that can modify the laser linewidth for the better or

worse, but in a manner that drifts in time.

2.1.2 780 nm MOT and state preparation lasers

One laser system in our experiments serve primarily to generate the magneto-optical trap

(MOT), to perform optical state preparation, and to maintain population inversion through inco-

herent pumping in the superradiant Raman laser experiments. The trapping and state prep laser

system operates on the D2 line in 87Rb near 780 nm and consists of three ECDLs. Each one use a

non-AR coated Sanyo laser diode (PN: DL-7140-201S) nominally selected for a lasing at 780 nm.

An overview of the MOT and state preparation laser system is shown in Fig. 2.2.

The system starts with with the 780 nm Reference laser, which serves only as a reference

for the other lasers and does not interact with atoms in the science chamber. The 780 nm Ref-
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Figure 2.2: A schematic of the 780 nm laser subsystem used to generate the magneto-optical trap
and perform state preparation using the D2 transition of 87Rb . The system consists of 3 ECDL
lasers, labeled 780 nm Reference, MOT and Repumper. The 780 nm Reference laser is stabilized
to an atomic frequency reference using a Doppler-free polarization spectroscopy. Both the MOT
and Repumper lasers are beatnote stabilized to the Reference laser (not shown). Feedback loops
are indicated by the black line leading back to the lasers.
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F=0’ – 810
F=1’ 934 738
F=2’ 777 581
F=3’ 510 314

Figure 2.3: RF beatnote frequencies used to set the MOT and Repumper lasers to resonance from
their respective hyperfine ground state to the excited states of the 87Rb D2 line.

erence laser frequency is stabilized to an absolute atomic reference using polarization saturation

spectroscopy [122], locked to the F=2 to F=3’ transition of 87Rb. The lasers we call the MOT and

Repumper lasers operate on the F=2 ground hyperfine state to excited state and F=1 ground hy-

perfine state to excited state respectively. The lasers are stabilized to the atomic reference using a

laser beatnote lock, described in Section 2.1.5. We can control the frequency of both the MOT and

Repumper laser using the beatnote reference frequency, giving us the ability to address the entire

excited state structure from the ground hyperfine state associated with each laser. The beatnote

frequencies needed for the two lasers are given in Table 2.3.

The MOT laser is amplified with an Eagleyard tapered amplifier (PN:EYP-TPA-0780-01000-

3006-CMT03). After passing through Isomet AOMs (PN: 1205C-1) which act as a fast switch,

the beam is split to produce 6 beams each containing 3 mW of power. The beams form 3 pairs

of counter-propgating beams to trap in all three spatial dimensions. The details of the MOT are

described in Section 2.3.

The Repumper laser is combined with the MOT beam just before being split to 6 beams to

maintain separate control over the Repumper beam power. The light co-propagates with the MOT

laser to provide repumping for atoms in the F=1 hyperfine ground state. There is enough power

such that each of the six paths contains 0.5 mW of repumping light.

In an attempt to vary the density of the atomic ensemble in the trap, we added an additional

set of MOT trapping beams that only confine the atomic ensemble in two dimensions. These beams

are generated by picking off 30% of the MOT light and directing it into two beam perpendicular to

each other and the cavity axis. The beams are retro-reflected to provide the 2D confinement. These
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beams were used for the superradiant laser experiments and were not used for the spin squeezing

results. The orientation of the beams is given in Section 2.3.

2.1.3 780 nm Narrow DBR Lasers

The key technical advance for the coherence preserving, non-destructive population measure-

ment in this work was the implementation of probing the atomic population on a cycling transition

of 87Rb , which only exists for the D2 transition. However, the hyperfine ground states associated

with the cycling transition have a significantly reduced coherence time compared to so-called clock

transition used in our previous work [35]. The reduced coherence time requires a faster measure-

ment sequence, which then imposes constraints on the laser frequency noise beyond what we could

achieve with the ECDL setups described previously.

We have implemented a second D2 laser system to produce a narrow linewidth probe laser

(Fig. 2.4. The system uses two distributed Bragg grating reflector (DBR) lasers with an extra

long external cavity feedback setup to generate a narrow linewidth probe laser. We label the two

lasers as the DBR Reference and DBR Probe. Both lasers start with a Photodigm DBR laser in

a long eternal cavity setup [106] to provide optical feedback to the laser diode, resulting in good

short term frequency stability properties. Measurements indicated both lasers have linewidths of

∼ 5 kHz. The DBR Reference laser is stabilized to an atomic rubidium reference frequency for

long term stability using modulation transfer spectroscopy (MTS) [110]. The MTS locks the laser

to the F = 3 to F = 4′ transition in 85Rb and provides both high frequency feedback to the laser

diode current and low frequency feedback to the length of the external cavity through a Thorlabs

piezo stack (PN: AE050D08F).

The DBR Probe laser is frequency offset locked, or beatnote locked, to the DBR reference

laser, providing us the flexibility to set DBR Probe laser frequency to any F = 2 to excited state

transition. A beatnote of −1.246 GHz places the probe laser on resonance with the F = 2 to

F = 3′ transition in 87Rb. In the squeezing experiments where a DBR probe laser detuning from

the transition by +200 MHz was used, the beatnote was set to −876 MHz to account for the AOMs
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Figure 2.4: A schematic of the 780 nm narrow linewidth DBR laser subsystem used to generate the
probe laser on the D2 transition of 87Rb for the spin squeezing experiment. The system consists of
2 Photodigm DBR lasers, labeled DBR Reference and DBR probe. The DBR lasers have improved
short term stability properties due to the optical feedback provided by the long external free space
cavity, of length ∼ 0.5 m. We can tune the magnitude of the optical feedback using the λ/4
waveplate and polarizing beam cube in the feedback path. The reference laser provides long term
frequency stability by locking to an atomic reference with MTS. The probe laser is then beatnote
locked to the reference laser, giving us tunable control over the probe frequency over a range of 3.2
GHz.
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and EOM in the probe path, described in detail in Chapter 3. We can also sweep the laser frequency

by sweeping the beatnote lock reference RF frequency, controlled by our direct digital synthesis

system, described in Section 2.1.6.

Tuning of the long external cavity feedback is largely empirical. We start by looking at the

beatnote on a wideband spectrum analyzer, with either the 780 nm Reference ECDL laser in the

case of the DBR Reference, or with the DBR Reference in the case of the DBR Probe. As the optical

cavity feedback is increased by changing the λ/4 waveplate, peaks start to appear in the beatnote,

separated by the external cavity free spectral range of 50 MHz. The feedback is increased until

the point where the laser oscillates at multiple longitudinal modes of the external cavity when the

feedback loop is engaged. Then the waveplate is turned slightly to decreases the optical feedback so

the laser can operate on a single mode. Fine tuning of the laser spectrum is performed by forming

the probe heterodyne signal with the bare cavity (described in detail in Chapter 3), and minimizing

the detection noise by changing the feedback loop parameters.

The presence of multiple external cavity modes impacts the laser spectrum by adding small

noise bumps appearing at ∼ 50 MHz from the optical carrier. In our heterodyne measurement

of the probe beam, the signal can appear at an RF frequency between 0 and 200 MHz, so care

must be taken to avoid the noise bump near 50 MHz to preserve the highest signal to noise of the

heterodyne detection.

2.1.4 795 nm and 823 nm Science Cavity lasers

In this section, I described the laser system that generates the beams used for trapping the

atoms in the optical lattice, frequency stabilizing the science optical cavity, probing the cavity

resonance frequency on the D1 line at 795 nm, and creating the effective optically excited state by

dressing the ground hyperfine state used for the superradiant Raman laser. This system consists

of four ECDL lasers with the same design as was described earlier. We call these lasers the 795 nm

Reference, Dressing, Transfer, and Lattice lasers.

The 795 nm Reference laser provides an absolute frequency reference for long term frequency
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stability. The frequency stability is extended to the lattice trap laser, and ultimately the science

cavity, using the Transfer laser and a second Fabry-Perot optical cavity called the transfer cavity.

A simplified schematic is shown in Fig. 2.5. The basic idea is that the Transfer laser is beatnote

locked to the 795 nm Reference laser, and the transfer cavity length is stabilized with the Transfer

laser. The Lattice laser is then frequency locked to a lower longitudinal mode of the transfer cavity,

and the science cavity is finally locked to the lattice laser, stabilizing it with respect to atomic

resonance. Therefore, changing the Transfer laser beatnote ultimately changes the science cavity

frequency. The details are described below.

The Reference, Dressing, and Transfer lasers all use Eagleyard anti-reflection (AR) coated

laser diodes at 795 nm (PN:EYP-RWE-0840-06010-1500-SOT02-0000) in the ECDL setup. The 795

nm Reference laser is stabilized to the F = 3 to F = 2′− 3′ crossover signal of 85Rb with frequency

modulation saturation spectroscopy [68]. The Dressing and Transfer lasers are stabilized to the 795

nm Reference laser using a beatnote lock. The Dressing laser is a versatile laser which functions

as both the Raman dressing laser and a cavity resonance frequency probe in the superradiance

experiments described in subsequent chapters. The output of the Dressing laser has three important

outputs to the science chamber. The first is the Dressing beam path, which after passing through

an Isomet AOM to act as a fast switch, goes directly to the science cavity. The beatnote lock of

845 MHz places the Dressing beam on resonance with the F = 2 to F = 2′ transition on the D1

line of 87Rb . While running superradiance, the beatnote was most often set to −255 MHz to place

the dressing laser +1.1 GHz detuned from the F = 2 to F = 2′ transition, though the beatnote

allowed for flexible changing of the detuning ranging from ∼ ±3 GHz.

Early in the dressing laser path, half of the power is split off to form the the probe and

superradiance heterodyne beams. The light passes through an EO Space phase modulator (PN:

PM-OK5-PFU-800-UL). The modulator can generate frequency components more than ±6.8 GHz

from the optical carrier, bridging the hyperfine splitting so that the probe beam can be resonant

with the optical science cavity resonance that is usually ∼ 1.1 GHz detuned from the F = 1 to

F = 2′ atomic transition. The two frequency components on the heterodyne beam also allow us to
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Figure 2.5: The 795 and 823 nm laser subsystem. The subsystem consists of three ECDLs at 795 nm
(the 795 nm Reference, Dressing, and Transfer lasers) and one ECDL at 823 nm (the Lattice laser).
All are ultimately referenced to the F = 2− 3 to F = 3′ crossover signal of 85Rb through beatnote
locks in the case of the Dressing and Transfer lasers, and using the transfer cavity in the case of
the Lattice laser. The transfer cavity is locked to the Transfer laser using a PDH lock to stabilize
the cavity length, then the Lattice laser is PDH locked to a longitudinal mode of the transfer
cavity near 823 nm. The Dressing laser is split into three functions, generating the Raman dressing
light for inducing superradiance, probing the science cavity resonance frequency, and providing the
heterodyne reference beam in the superradiance experiments. The difference in the dressing laser
frequency and the probe frequency is bridged by a EO Space phase modulator driven near the
hyperfine splitting frequency. The Heterodyne beam is path is also phase modulated, so that RF
beatnotes of both the superradiantly emitted light and the dressing light can be obtained.
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form detection signals of both the dressing light (∼ +1.1 GHz detuned from the 2− 2′ transition)

and the emitted light (∼ +1.1 GHz from the 1− 2′ transition). The probe light is recombined with

the dressing light for most of the superradiance results, as both go to the science cavity.

The optical lattice trap is generated by injecting a laser that is far red-detuned from atomic

resonance along the cavity cavity axis to build up a standing wave inside the science cavity. This

Lattice laser uses another Eagleyard AR coated laser diode that is nominally wavelength selected

to 820 nm. Measurements with an optical wavemeter indicate that the wavelength we use is near

823 nm. The frequency of the laser is stabilized with respect to the 795 nm reference laser using

a transfer cavity, as shown in Fig. 2.5. The optical lattice trap confines the atoms to the waist of

the optical cavity TEM00 mode, near the center of the cavity as described later in Section 2.3.3.

The transfer cavity is a Fabry-Perot cavity with a length of 3 cm and a finesse of 5000.

The cavity mirrors are glued to piezo-electric stacks which are mounted on a Zerodur spacer. The

transfer cavity length is stabilized using a Pound-Drever-Hall (PDH) lock [46, 14] to the frequency-

stabilized Transfer laser. When in lock, tuning the reference frequency of the Transfer laser beatnote

lock allows us to change the transfer cavity length. We found that adjusting the resonance frequency

of the cavity by more than κ put the cavity outside of the PDH lock range, and the cavity would

become unlocked from the laser and unable to re-capture lock without manual tuning.

With the transfer cavity frequency stabilized to the atomic reference at 795 nm, the cavity

provides a series of resonances separated by the free spectral range, about 7 GHz. We again use

a PDH lock to now stabilize the 823 nm laser to one of these resonances, fixing the lattice trap

laser in frequency with respect to an atomic transition. Finally, we use another PDH lock to

stabilize the science cavity (described in Section 2.2), controlled by Piezomechanik piezoelectric

stacks (PN: PZT-5H). We can use the transfer cavity to then ultimately change the optical cavity

resonance frequency, setting it to the desired detuning from atomic resonance. The change in the

trap frequency is small enough to be negligible for the purposes of the off-resonant trapping light.
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2.1.5 Details of laser beatnote locks

Laser beatnote locks are used to stabilize trapping and probing lasers with respect to the

reference lasers. The laser beatnote locks give agile control over the laser frequencies during the

experiment. The beatnote typically is detected with high speed Hamamatsu GaAs photodiodes

(PN: G4176-01, TO-18 package) connected to a Mini Circuits Bias Tee (ZX85-12G-S+) providing

+5 V of DC bias (exceeding 10 V kills the diode immediately). The signal is amplified using a

microwave frequency SBW5089 MMIC amplifier. This detector provides the VCO signal for a

Hittite HMC 440S16G phase frequency detector, with a reference signal provided by the Analog

Devices DDS boards (PN: AD9959) described in Section 2.1.6. Although the minimum reference

frequency specified by the HMC 440QS16G is 10 MHz, we found a square wave reference frequency

was needed to operate below 20 MHz.

2.1.6 Direct Digital Synthesis

We use a series of versatile, phase coherent Analog Devices direct digital synthesis (DDS)

chips (PN: AD9959) to generate RF frequencies ranging from a few MHz to 200 MHz for use

throughout the experiment. The chips are integrated in evaluation boards purchased from Analog

Devices. In principle, the DDS can produce frequencies up to 500 MHz using the digital image

frequencies, but a high-order 200 MHz low pass filter is included on the output of our boards to

reject the high frequency image signal. The DDS boards share a common 500 MHz clock derived

from the 5x multiplication of a Wenzel 100 MHz crystal oscillator (PN: 501-16843), with long term

stability provided by a rubidium atomic clock from Stanford Research Systems (PN: FS725). The

5x multiplier is constructed using surface mount PIN diodes (PN: BPF-B503+) [151]. The same 100

MHz oscillator also provides the phase stable microwave frequencies used to manipulate the ground

states in 87Rb using the microwave source described in detail in Ref. [36]. For RF frequencies that

do not need sweeps of the frequency or ramps of the power, we control the DDS chips via serial

communication from our Labview experimental control and data acquisition software.
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Figure 2.6: The Analog Devices AD9959 direct digital synthesis evaluation board shown fully on
the left and zoomed in on the right. The evaluation board has two modes of control, either serial
control through the header pins at the top of the picture, or through a USB control on the left side
of the picture. To enable pre-programmed ramps of the frequency, amplitude, or phase of the DDS
channels using an external TTL signal, we modified the evaluation board. The ramps are controlled
by profile pins to the DDS chip, P0, P1, P2, and P3. These pins connect to the serial header, but
the I/O buffer (chip U5, PN: 74LVC5414A) connects the USB profile inputs (PX U) to the profile
pins. By cutting the traces from the IO Buffer (chip U5, pins 11-14), the profile pins are freed to
be controlled by the serial headers. In the photograph on the right, the traces corresponding to the
profile pins are circled in red. Here only the trace for profile pin P0, corresponding to pin 11 on
U5, has been cut.

For measuring cavity resonance frequencies, a probe laser frequency is often swept in time by

using a triggered sweep of a DDS frequency to vary a laser beatnote lock reference frequency. We

have two DDS boards dedicated to sweeping, each with four output channels. These boards are not

controlled with serial communication, but use the evaluation software included with the evaluation

board and interfaced through a USB controller. In principle, we should be able to control sweep

functions by serial commands from Labview as well, but for unknown reasons, repeated attempts to

add this functionality failed. To allow the chips to have sweeps triggered by an external TTL signal

that did not come through the USB channel, we disconnected the DDS profile pin connections to

the USB sweep trigger lines. This allows us to preprogram sweeps using the USB software, while

triggering them with TTL signals provided by our Labview data acquisition system. The details

are described in Fig. 2.6.
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2.2 Optical Cavity and Science Chamber

In this Section, I give an overview of the Fabry-Perot optical cavity used in both of the

projects described in the thesis. This includes details of the cavity mirrors, their mounting and

stabilization, and the vacuum chamber that houses the optical cavity. The optical cavity is shown

in Fig. 2.7, and the vacuum chamber is shown in Fig. 2.12.

2.2.1 Optical Cavity

The optical cavity is a nearly confocal Fabry-Perot cavity. The mirrors are dielectric coated

mirrors produced by Advanced Thin Films. The super-polished substrates are 7.75 mm in diameter

with a 5 cm radius of curvature. The dielectric coating produced highly reflecting mirrors at

wavelengths ranging from 750 nm to > 850 nm. The mirrors had a specified transmission coefficient

of 2500 ppm, and the delivered mirrors were measured to have transmission coefficients at 780 nm

and 795 nm of T780 = 2011 ppm and T795 = 2122 ppm respectively.

The length of the optical cavity is controlled using piezoelectric stacks from Piezomechanik

(PN: PZT-5H), one on each side of the cavity. The piezo stacks have a tubular geometry. Mirrors

fit inside cylindrical piezo tubes and are held in place with the Torr Seal. The piezos have free-

standing axial/radial resonance frequency of 80/75 kHz. After one set of wires that apply voltage

to the piezo stacks shorted, arcing through vacuum, we restricted the operating range of the voltage

applied to the piezo stacks. In the future, we could include separate vacuum feedthroughs for each

piezo. Then in the case that one piezo fails, we can still drive the other. After the arc, we noticed an

increase in the cavity linewidth associated with increased losses from the cavity mirrors, reflected

in the cavity finesse F in Table 2.10.

In Tables 2.9 and 2.10, I give a table summarizing the important properties of the cavity

modes for the three wavelengths of interest. The numbers are based primarily on the specifications

given by ATF for the mirrors and measurements performed of the cavity mode resonant structure

at 795 nm.
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Figure 2.7: Photograph showing the optical cavity spacer, piezos and mirrors inside the glass cell
vacuum chamber. The smaller coils of copper wire are the initial, symmetric MOT coils. The larger
wire coils provide bias magnetic fields in all three directions.
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Figure 2.8: A drawing of the cavity spacer. All dimensions are given in units of cm. The spacer
was machined from a single piece of Zerodur. The spacer is supported by four rods at the midpoint
of the cavity. The holes for the support rods are symmetric on both ends of the spacer for common
mode rejection of vibration. The angled cutouts on either end of the cavity allow for better optical
access for the angled MOT beams.
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Parameter

Free spectral range fFSR 7828(1) MHz
Transverse mode spacing 2257(1) MHz
Cavity length L 1.9149(2) cm
Mirror radius of curvature 5.00(1) cm
Rayleigh range ZR 1.967(2) cm

Figure 2.9: List of science cavity parameters that are constant across wavelength.

Parameter 780 nm 795 nm 823nm

Measured Linewidth [MHz] 11.8× 106 11.1× 106 –
Finesse F 663 705 –
Mode waist [µm] 69.9 70.6 71.8
Mode Volume [cm3] 7.35× 10−5 7.49× 10−5 7.75× 10−5

Figure 2.10: Science cavity parameters for the relevant wavelengths in including the spin squeezing
probe at 780 nm, the superradiance at 795 nm, and the trap at 823 nm.

The mirrors and piezo tubes are mounted to a spacer machined from a solid piece of Zerodur.

The vertical cavity orientation and spacer support points located midway between the mirror give

common-mode rejection of vibrations to passively stabilize the cavity length. The spacer rests on

Viton spheres for additional vibration damping. A drawing of the cavity spacer is shown in Fig.

2.8. The machining was performed by Hans Greene in the JILA machine shop.

The spacer is supported by four support rods that attach to a vibration damping system

in the vacuum chamber, seen in Fig. 2.12. The spacer supports connect to the support damping

structure inside the spherical cube. The support structure also rests on three Viton spheres for

damping. The long pendulum that hangs down off the support structure serves to lower the

resonance frequency of of any vibrations the would shift the cavity position. We found that in

practice, low frequency vibrations in the floor of the building, caused by an air conditioning fan,

would cause 17 Hz vibrations in the cavity damping structure, and modulating the coupling of our

probe beam to the cavity. This appeared as fluctuations in the reflected and transmitted power,

as the coupling into single mode optical fibers from the cavity was very sensitive to laser pointing

stability.
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2.2.2 Vacuum System

The heart of the vacuum system is the spherical square from Kimball Physics (PN: MCF450-

SS20400) that sits just above the optical table. The bottom of the cube connects to the vacuum

pumps, and the top connects to a metal-to-glass transition that holds the glass cell containing the

cavity spacer. One of the side ports is occupied with a valve connected to the source of rubidium,

which is kept between 40 and 50 C◦ to provide a rubidium vapor throughout the vacuum chamber.

A second port of the optical cube is used for electrical feedthroughs to drive the piezoelectric tubes

that position the cavity mirrors. Finally, the third port is a window to allow laser light to bounce

off a 45◦ mirror at the center of the spherical cube and propagate upwards to the cavity. The

system was initially pumped down with Varian turbo pump (PN: Turbo V 81-M, IDP-3 Dry Scroll

Pump). The vacuum is maintained with a Varian VacIon Starcell 50L/s ion pump (PN: 9191340).

We measure pressure with a Varian Ion gauge (PN: UHV-24P).

2.3 Magneto Optical Trap and Lattice Trap

In this section, I describe the procedure for trapping and cooling approximately 106 atoms

near the middle of the optical cavity and localizing them near the radial center of the cavity mode

as well. The procedure starts with a magneto-optical trap (MOT) [124] which is then loaded into

a 1D optical lattice formed by the resonant standing wave at 823 nm created by the optical cavity.

After the lattice trap is loaded, the sample is sub-Doppler cooled using polarization gradient cooling

(PGC) and the experiments begin.

2.3.1 Beams

Optical molasses for the MOT is provided by the six MOT beams, derived from the MOT

laser described in Section 2.1.2. Each beam has a characteristic diameter of 1.2 cm. Repumping

light co-propagates with each MOT beam to close the cycling transition. The six beams intersect

at the center of the optical cavity as shown in Fig. 2.11.
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Figure 2.11: A drawing of the complete vacuum system (the glass cell surrounding the cavity spacer
is not shown). The vacuum chamber below the reducer fitting (grey) is not shown. The cavity
spacer is in magenta, the MOT coil is in light grey, the spacer supports are in white, and Kimball
Physics spherical square in dark red. The damping pendulum hangs off the support structure with
the purple rods. The pendulum weight is colored light green. The three pairs of MOT beams
intersect at the center of the cavity spacer. The cavity axis beam path is shown entering the
spherical square and exiting out the top of the optical cavity. The distance to the center of the
cavity and the end of pendulum are both measured from the top of the optical table.
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Figure 2.12: (Left) The CAD model of the vacuum chamber, cavity support system, and cavity
spacer. A probe laser beam is shown entering a vacuum port, bouncing off the 45◦ mirror and
coupling to the cavity. (Right) A cutaway view of the cavity support structure. The cylindrical
support structure (dark grey) links the cavity spacer supports (white) to the damping pendulum
(purple). The damping pendulum (seen in Fig. 2.11) hangs off the support structure, which rests
on 3 Viton spheres (bright green) for damping. The 45◦ mirror is mounted on rails connected to
the vacuum chamber with Groove Grabbers.
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One additional pair of MOT and Repumping beams were added perpendicular to the original

horizontal beams. By leaving on only these two pairs of beams, we found that we could create a

2D MOT which would allow atoms to spread out along the cavity axis and load into about twice

as many lattice sites as with the 3D MOT alone. In the loading sequence, this 2D MOT step was

on for 5 ms after initial 3D lattice step, and then the atoms were loaded into the lattice.

2.3.2 Coils and Drivers

The addition of the magnetic field provides the true confinement to the MOT. In the exper-

iments described here, we have primarily used a pair of asymmetric coils of wire to provide the

magnetic quadrapole field needed for trapping. The MOT coils are elongated with the goal of pro-

viding an elongated MOT to allow more atoms to be confined in the optical lattice with the same

atomic density by spreading them over more lattice sites utilizing the 2D MOT beams. A schematic

of the coils are included in Fig. 2.13. The current in the coils is ∼ 2 Amps for the circular coils

and ∼ 3 Amps for the elongated coils. The current is driven with high voltage power MOSFETs

from Advanced Power Technology (PN: APL501J). The gradient established by the MOT coils is

∼ 34 G/cm.

Three pairs of additional coils are used to apply small bias fields, such that the total current

flowing is 0.75 to 1 Amp. The bias coils are seen in Fig. 2.7. The bias field typically applied to

define a quantization axis is 3 Gauss.

2.3.3 Lattice Trap

The optical lattice trap is operated with intracavity lattice powers ranging from 0.3 W circu-

lating in the spin squeezing experiment to up to 1 W circulating in the superradiance experiments.

In the spin squeezing experiments, 26 mW was delivered to the 50/50 beamsplitter that directs

lattice light to both the cavity and the path length fluctuation measurement (see Chapter 3 for

details, particularly Fig. 3.8). In the superradiance experiments, all the lattice light was directed

to the cavity alone, allowing us to reach 1 W circulating powers only directing ∼ 40 mW to the
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Figure 2.13: (left) A basic schematic of the elongated MOT coils used for most of the experiments
presented in this thesis. The Coil is composed of 128 turns of Belden 20 AWG magnet wire. The
individual turns are held together with Araldite 2011 Epoxy. Each layer of the coil is 12 turns,
making the coil 10.7 mm deep. The rounded inside corners have a radius of curvature of 4 mm.
(right) A photograph showing the elongated MOT coil mounted in the experiment. The coil sits
inside the larger bias coil.
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Figure 2.14: A general time sequence that begins each of the experiments in this dissertation (not
to scale). Maybe a chart showing what lasers are on and what the B-field is doing here would be
useful?

dichroic mirror that overlapped the Dressing laser and the Lattice laser. The given intracavity

powers result in lattice trap frequencies of 180 kHz and 335 kHz for the squeezing and superra-

diance experiments respectively. The intracavity power is stabilized by detecting the transmitted

light and feeding back to the power of the RF drive of an AOM acting as an amplitude modulator.

2.3.4 Loading Sequence, PGC cooling

Fig. 2.14 shows a general time sequence that contains the usual experimental sequence that

prepares the atoms in the optical lattice trap and in a well-defined internal state to begin the

experiments. Over the course of the experiments, some timings or details of the applied laser

power may vary slightly, but this diagram gives the overall procedure.

We start by forming the MOT directly from the rubidium vapor between the optical cavity

mirrors. The MOT laser was set to be slightly red detuned from the 2-3’ transition, and the

Repumper laser set slightly red of the 1-2’ transition. Both laser frequencies are empirically tuned

to maximize the atom number loaded in the trap. For the usual 1 Hz repetition rate for the

experiments, this step was about 350 ms, though to vary the atom number N ultimately loaded

into the lattice, we would increase or decrease this time. We also varied N by changing the power

in the MOT beams during this step.

With a healthy MOT formed, we then load into the lattice trap by eliminating the magnetic

quadrapole field and using the bias coils to zero the magnetic field at the location of the atoms. We

jump the MOT light to 50 MHz to the blue of the 2-2’ transition. During this time, the intensity
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of the MOT and Repumping light is stepped downward. Then the F=2 MOT light is stepped even

further down for the remaining loading time. Note that the lattice light is always on all throughout

the process. The optimal time to load the lattice has varied from 30 to 50 ms over the course of

this and is manually tuned for a given experiment.

After the lattice trap loading period, the MOT laser is adjusted to +20 MHz detuned from

the 2-2’ transition for the polarization gradient cooling step. All light is extinguished for 1 ms

while the laser frequencies settle. Polarization gradient cooling [41] allows us to reach measured

temperatures of 10-25 µK.

After the final cooling step in the lattice, all light except for the trap is extinguished and a

bias magnetic field specific to the particular experiment is applied to the ensemble, usually with a

magnitude of about 3 G. We usually allow about 30 to 50 ms for all magnetic fields and induced

eddy currents to settle after this change, especially for experiments with magnetic field sensitive

transitions. The final state preparation using optical pumping takes about 1 ms, although the

details of the state preparation are particular to each experiment and described in detail in their

respective chapters.

2.4 Detection and Signal Chain

Here I describe components common to both experiments used in detecting signals from the

science cavity, electronically processing those signal and recording them into the computer.

2.4.1 APD detector

A simple avalanche gain photodiode provides a good first look at the light transmitted through

the cavity and superradiant emission. For detecting these small signals, we used a Hammamatsu

avalanche photodiode (PN: S2381). The avalanche gain was ∼ 98 at a bias voltage of -150 V. The

detector uses a transimpedance amplifier (PN: OPA656U) with 0.8 MΩ of gain. The detector has

a bandwidth of about 1 MHz, allowing us to see the initial superradiant pulses that were taking

place on timescales of a few microseconds.
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2.4.2 Fast heterodyne detector

For low noise detection that includes sensitivity to the frequency of the detected light, we

also implemented heterodyne detection schemes in the various experiments, described in detail in

the chapters of their respective experiments. In each experiment, the heterodyne detection uses a

Hamamatsu photodiode (PN: S5973) with 1 GHz intrinsic bandwidth. We removed the uncoated

glass cover to gain about 8% in quantum efficiency. The photodiode sensitivity without glass is

0.54 A/W at 795 nm corresponding to internal photodiode quantum efficiency of 84%.

The photocurrent generated at the photodiode is converted to electric voltage with a 240

MHz Analog Devices transimpedance amplifier (PN: AD8015). In assembling the photodiode cir-

cuit, we found that all the ground connections for the AD8015 must be connected close to the

ground pins. When not properly grounded, we observed oscillations around 300 MHz in the output

voltage. We obtained the best high bandwidth performance when the path from the photodiode

to the transimpedance amplifier was made as short as possible to reduce parasitic capacitance and

inductance. The design used in the experiment has the output of the S5973 connect to the AD8015

input pin in free space through an ac coupling capacitor, bypassing the surface mount trace on the

circuit board. A circuit diagram of the photodiode is included in Appendix D.

2.4.3 IQ demodulators

The signal from the high frequency photodiode is split and frequency filtered as we often

have more than one signal contained in different frequency beatnotes. For example, in addition

to a signal that passed through the atomic sample, we may also have a path length reference

signal that did not interact with the atoms but contains information on path length fluctuations.

Each separate signal gets its own IQ demodulation channel and reference frequency derived from

the DDS. Each demodulator splits the signal again and demodulates to near DC using an Analog

Devices IQ demodulator (PN: ADL5385) or a Linear Technologies IQ demodulator (PN: LT5517)

for RF frequency signals below 50 MHz. The IQ demodulators provide two orthogonal quadratures
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Figure 2.15: An example schematic of the heterodyne data acquisition system. The output of
the heterodyne photodiode can have multiple signals separated in RF frequency. We split the
signal after amplification, then have separate paths for each frequency in which we can separately
attenuate the signals to keep the inputs to the IQ demodulators. The signals are demodulated with
RF frequencies from the DDS. The corrections to account for imbalances in each IQ demodulator
is applied in software (circle with ‘C’), giving the corrected signals I ′(t) and Q′(t) from which the
amplitude A(t) and phase φ(t) of each signal can also be calculated.

of the signal with respect to the reference frequency. These two orthogonal quadratures, which

we call I(t) and Q(t) are read into the computer with a National Instruments analog to digital

converter (PN: PCI-6133).

In software, we apply corrections to the I(t) and Q(t) channels to correct for small imperfec-

tions in the demodulation hardware, including average offsets between the channels, scale factors

between the channels, and higher order corrections. After applying corrections to the individual

I(t) and Q(t) traces, we form the amplitude A(t) and the phase φ(t) quadratures. We tune the

corrections by applying test signals from the DDS boards. First, an overall voltage offset is removed

by applying no test signal to the RF input. Then the average voltage on the I(t) and Q(t) chan-

nels give the individual DC offsets yI and yQ. The exact corrections applied to the I(t) and Q(t)

quadratures are given below. First, each quadrature is corrected for an offset y and an amplitude

K error, then a curvature β correction is applied
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I ′ = KI(I + yI) (2.1)

Q′ = KQ(Q+ yQ) (2.2)

I ′′ = I ′ − βI(I ′2 +Q′2) (2.3)

Q′′ = Q′ − βQ(I ′2 +Q′2) (2.4)

Finally, a relative angle error θ between the two quadratures can also be corrected

I ′′′ = I ′′ (2.5)

Q′′′ =
Q′′ − I ′′ sin(θ)

cos(θ)
(2.6)

The coefficients are choosen empirically by driving the RF input with a test signal that differs

from the LO frequency by ∼ 1 kHz. Imbalance between the two quadratures appears as oscillations

in amplitude quadrature A(t) =
√
I ′′′(t)2 +Q′′′(t)2 as the actual input voltage oscillates from I(t)

to Q(t) and back. The deviations show up as peaks in the Fourier transform of the amplitude at

harmonics of the frequency offset between the two test signals. Tuning the coefficients, we can push

the size of these peaks into the detection noise floor. Higher order corrections, εi and φi are also

applied to the phase quadrature φ(t) as

φ(t) = arctan(
Q′′′

I ′′′
) +

∑
i=3

εi cos

(
i arctan

(
Q′′′

I ′′′

)
+ φi

)
. (2.7)

We normally apply only the i = 3 correction term.

The corrected amplitude A(t) and phase φ(t) then reflects the electric field coming from the

cavity, either as a result of a probe laser or superradiant emission. We calculate the scale factor to be

able to quantify A(t) in units such as average intracavity photons Mc or photons transmitted from

a probe beam Mt. The calibration also depends on the average power contained in the heterodyne

reference beam. This beam is responsible for the DC current generated by the photodiode that we

detect separately from the IQ detection, and read in through the analog to digital converter.



Chapter 3

Reducing measurement back-action to generate spin squeezed states with

phase sensitivity 10 times beyond the standard quantum limit

3.1 Experimental System

In this chapter, I describe collective measurements of a cavity field that is entangled with the

total number of spin-1/2 atoms in spin up (Fig. 3.1A). The measurement uses an optical cycling

transition to reduce the measurement back-action on the atomic system. The high readout precision

and small measurement back-action allows us to use the measurement to generate a spin squeezed

state by subtracting the pre-measurement result from subsequent measurements. The degree to

which the measurement precision has been improved is quantified by the spectroscopic enhancement

W−1 =
∆θSQL

∆θ , which is equal to the ratio of the phase variance at the standard quantum limit (SQL)

to the measured phase variance ∆θ. We directly observe a state with spectroscopic enhancement

W−1 = 10.5(1.5) times beyond the SQL for phase estimation of a coherent spin state composed of

N = 4.8× 105 87Rb atoms. This result reflects no background subtraction or corrections for finite

probe detection efficiency, which is critical for the realization of practical applications of entangled

states.

The experimental system consists of an ensemble of N pseudo-spin-1/2s formed by the hy-

perfine ground states |↑〉 ≡ |F = 2,mf = +2〉 and |↓〉 ≡ |F = 1,mf = +1〉 in 87Rb, separated by

6.8 GHz. The quantum state of the ensemble can be approximated as a single collective spin or

Bloch vector J ≡ 〈Ĵ〉, in an abstract space defined by the collective spin operator Ĵ = Ĵxx̂+Ĵyŷ+Ĵz ẑ

(Fig. 3.1B). The spin projection operator Ĵz = N̂↑−N/2 can be written in terms of the measurable
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Figure 3.1: Spin-squeezing and measurement back-action (A) Atoms collectively interact
with light in an optical cavity. A measurement of the phase of the probe field (red) is sensitive to
the total number of atoms in spin up, and projects the ensemble into an entangled state, conditioned
on the measurement outcome. Probe photons can be scattered into free space, causing atoms to
collapse to spin up (orange in A, C, and D) and can also cause state-changing transitions (blue in
A, C, and D). (B) A coherent spin state can be visualized by a Bloch vector (red), with a pointing
uncertainty set by quantum noise, represented by the shaded uncertainty disk. (C) Atoms in |↑〉
with optical transition frequency ωa couple to the detuned cavity mode with resonance frequency
ωc. The coupling results in a dressed cavity mode with resonant frequency ωc′ , so probing ωc′

measures the total number of atoms in |↑〉, and hence the Bloch vector’s spin projection Jz, without
measuring the state of individual atoms. Probing on a cycling transition suppresses back-action
from scattering events that change an atom’s state to |↓〉 (blue), limiting back-action to collapse
(orange). (D) After a pre-measurement, back-action modifies the noise distribution on the Bloch
sphere. Fundamental back-action appears along ŷ. Back-action from non-ideal measurements,
indicated by dashed lines, include reduction in length J of the collective Bloch vector and added
noise in Jz caused by state-changing transitions.
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quantities: total atom number N and the spin up population operator N̂↑ = ΣN
i=1 |↑i〉 〈↑i|, where i

labels individual atoms. The length of the vector is J =
∣∣∣〈Ĵ
〉∣∣∣. For an unentangled CSS, J = N/2.

The quantum projection noise and standard quantum limit can be understood as arising

from uncertainty in the orientation of the Bloch vector (Fig. 3.1B). This quantum uncertainty

can be visualized as a quasi-probability distribution perpendicular to the mean vector. When the

Bloch vector is oriented along x̂, the degree of uncertainty in the orthogonal spin projections is

constrained by a Heisenberg uncertainty relationship ∆Jz∆Jy ≥ N/4, where ∆X indicates the

standard deviation of repeated measurements of X. For a CSS of atoms, ∆Jz = ∆Jy = ∆NCSS =

√
N/2. For the polar angle θ ≈ Jz/J = 2N↑/N −1 measured from the equator of the Bloch sphere,

the SQL is set by the projection noise fluctuations to ∆θSQL = 1/
√
N .

3.2 Creating a Squeezed State with a Collective Premeasurement

The squeezed state is created by first preparing a CSS along x̂ and then making a collective

pre-measurement N̂↑, with measurement outcome labeled N↑p, and subtracting the result from a

subsequent final measurement N̂↑, labeled N↑f . The differential quantity N↑f − N↑p can possess

reduced noise relative to the projection noise fluctuations ∆NCSS appearing in the two separate

measurements. The spin noise reduction is calculated as R = (∆(N↑f − N↑p))
2/∆N2

CSS . By

making a collective or joint measurement, any rotation of the vector’s polar angle θ that occurs

between the two measurements will still modify the differential quantity N↑f −N↑p, leading to the

desired enhancement in the estimation of applied phase shifts.

To measure the collective state population N↑, the atomic ensemble is coupled to the TEM0,0

mode of an optical cavity. The coupling is characterized by an effective single-atom coupling

g = 2π × 450(20) MHz. The details of inhomogeneous coupling to the probe in our standing wave

cavity are handled as in Refs. [139, 35]. With no atoms present, the cavity has a resonant frequency

ωc and decay rate κ = 2π×11.8(1) MHz. We detune the cavity frequency from an atomic transition

by δ = ωc − ωa = 2π × 200 MHz, where ωa is the frequency of the atomic transition from |↑〉 to

an optically excited state |e〉 ≡ |F = 3′,mf = +3〉. The radiative decay rate of |e〉 in free space is
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Γ = 2π × 6.07 MHz. Atoms in |↑〉 produce a dressed atom-cavity resonance at frequency ωc′ , such

that ωc′−ωc = (
√
δ2 + 4g2N↑−δ)/2 (Fig. 3.1C). We measure ωc′ with a probe laser (frequency ωp)

to determine N↑. The strength of the collective measurement is characterized by the average number

of probe photons Mt transmitted through the cavity along with the average number of photons

scattered into free space Ms. The transmitted probe provides collective population information

corresponding to the total number of atoms in |↑〉, without providing individual atomic state

information. Detailed schematics of the probe measurement scheme are provided in section 3.4.

The information gained from a pre-measurement N̂↑ causes back-action on the system, il-

lustrated in Fig. 3.1D. First, the measurement reduces the collective spin projection uncer-

tainty to ∆Jz = ∆N↑m, where ∆N↑m is the measurement imprecision. The Heisenberg uncer-

tainty relationship requires fundamental back-action to appear in the orthogonal spin projection

∆Jy ≥ (N/4)/∆N↑m, referred to as anti-squeezing. Because Jz is not coupled to the back-action

quadrature Jy, the ideal measurement is intrinsically back-action evading[26].

However, real systems experience at least two additional sources of probe-induced back-

action, also illustrated in Fig. 3.1D. Both are caused by photons spontaneously scattered from

the probe into free space, with average number of scattered photons Ms scaling linearly with the

measurement strength Ms ∝Mt. One source of back-action arises from free-space scattered photons

leaking single-atom information to the environment, projecting an individual atom into |↑〉 or |↓〉

for every free-space scattered photon. The result is a shortening of the Bloch vector such that a

subsequent angular deflection θ will produce a reduced change of the measured population N↑f .

Another source of probe-induced back-action is spontaneous Raman transitions between

ground states driven by the same free-space scattering. Quantum randomness in the number of

transitions between states adds noise to the measurement of N↑ as the population diffuses amongst

ground states. The added noise ∆N↑D scales as (∆N↑D)2 ∝ pMt, where p is the probability an

atom changes state if it scatters a photon into free-space. The optimum spin-noise reduction R is

fundamentally limited by the need to balance the decrease in measurement noise ∆N↑m ∝ 1/
√
Mt

versus the increase in diffusion noise ∆N↑D ∝
√
Mt. This balancing is analogous to radiation
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pressure back-action that sets the SQL for measurements of mechanical position[26].

The key experimental advance enabling the results presented here is the elimination of state-

changing transitions as a limitation on the spectroscopic enhancement W−1. This is achieved by

creating a system in which collective coupling to the probe mode is enhanced relative to single-

atom processes. The approach uses the medium finesse optical cavity F = 660 to enhance the

collective coupling, with the figure of merit NC ≈ 6× 103, where C = 1.1(1)× 10−2 is the single-

atom cooperativity [139, 35]. In addition, we suppress state-changing transitions by using σ+

polarized probe light on a cycling transition [134, 4, 170, 34]. If a photon is scattered into free

space, the ground-state transition probability p is ∼ 1/150 that of our previous work [35]. As a

result, previously ignored noise sources, described in Sec. 3.4.4, now dominate the probe-induced

back-action on the measurement N̂↑.

3.3 Results

In Fig. 3.2, we directly sense an externally-applied phase shift with resolution below the

SQL. We apply a small rotation ψ of the polar angle θ using a microwave pulse. In one case, the

rotation is applied to a CSS with no pre-measurement. In a second case, the rotation is applied

just after the pre-measurement of N↑ prepares a conditional spin-squeezed state. The deflection

of N↑f is slightly smaller for the spin-squeezed state due to probe-induced collapse during the

pre-measurement N↑p. However, the reduction in noise in the quantity N↑f − N↑p allows the

rotation angle to be estimated with an enhancement W−1 = 7.5(9) in this example data set with

measurement strength Mt = 2.7(1) × 104 and N = 4.3 × 105. No background subtractions or

corrections are applied. In a single-shot, the fractional error rate in determining whether the phase

shift of ψ = 2.3(1) mrad was applied is reduced from 0.27(1) without the pre-measurement to

0.022(7) with the pre-measurement.

More generally, we can identify an optimum spectroscopic enhancement by measuring both

the spin noise reduction R and the fractional shortening of the Bloch vector C = J/(N/2) as

a function of measurement strength Mt, shown in Fig. 3.3A. First we consider the spin noise
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Figure 3.2: Detection of a quantum phase with entanglement-enhanced sensitivity. We
apply a small rotation ψ to the polar angle θ of both a CSS and a spin-squeezed state, with data and
representative Bloch spheres shown on the left and right sides respectively. Red data points show
experimental trials with ψ = 2.3(1) mrad, and blue data points show trials with ψ = 0. The data
are represented both as histograms and Gaussian curves generated from the average and standard
deviation of the measurements. The experimental timing sequence consists of probe pulses (black)
and microwave rotation pulses (green). For the CSS, the rotation ψ is applied immediately after
preparing the CSS along x̂. The rotation ψ appears as a change in the quantity N↑ −N↓, which is
normalized to the total projection noise that appears in this differential quantity. In the case of the
spin-squeezed state, we perform the rotation ψ after a pre-measurement N↑p. The rotation then
appears as a change in N↑f − N↑p, where the projection noise largely cancels. The spin-squeezed
state has a precision W−1 = 7.5(9), even though the change in N↑f −N↑p is slightly smaller than in
the CSS due to free-space scattering during the pre-measurement. The loss of signal is represented
by a smaller Bloch sphere for the spin-squeezed state.
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reduction. The maximum R−1 observed, with no background subtraction, is R−1 = 16(2) at

Mt = 4.1×104. The contributions of various noise sources are quantified using a fit to the observed

R versus Mt. The model, R = rPSN/Mt + Rtf + rqMt + rcM
2
t , includes four noise contributions:

photon shot noise rPSN , a technical noise floor R−1
tf = 73(34) independent of Mt, probe-induced

quantum back-action rq, and probe-induced classical back-action rc. Photon shot noise dominates

at low Mt so that R−1 initially increases as Mt increases. However, the rise in classical back-action

rcM
2
t eventually limits R−1. At the optimum Mt, the classical back-action rc alone would limit

R−1 to 67(15). The quantum back-action rq is statistically consistent with zero.

Raman transitions between hyperfine ground states have been effectively eliminated as a

substantial source of back-action in the current experiment. The noise added due to population

diffusion from state-changing transitions, described in Sec. 3.4.4, is estimated to only limit R−1 to

1.7(3)× 103 as measured by probe-induced optical pumping between different ground-states. Also,

the inferred contribution to rc due to the observed classical fluctuations in probe power would

only limit R−1 to 3.2(4) × 104. The equivalent transition probability is p ≤ 4.4(8) × 10−3. For

comparison, the clock states in our previous work had a transition probability p = 2/3 which, in

our current system, would limit R−1 to 1.9(2). With population noise considerably suppressed,

other sources of back-action, including optomechanical effects (Fig. 3.3B), appear to dominate the

probe induced back-action on R.

Free-space scattering also leads to a reduction in the Bloch vector length J , and the resulting

loss of signal must be accounted for to determine the spectroscopic enhancement. To determine J ,

the polar angle of the Bloch vector θ is varied after the pre-measurement N↑p using a microwave

pulse. The population N↑ is then recorded versus the rotation angle, shown in Fig. 3.3C. The

fractional reduction in length of the Bloch vector is determined from the fitted contrast C = 2J/N

of the observed fringe. The initial contrast at Mt = 0 is Ci = 0.97(3), and C monotonically decreases

as a function of Mt, close to the limit from wave function collapse due to free space scattering (Fig.

3.3A). We believe uncanceled inhomogeneous probe light shifts are responsible for the additional

small loss of contrast.
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Figure 3.3: Spin-squeezing and probe-induced back-action. (A) Scaling of the spin noise
reduction R (red), loss of signal C2/Ci (blue), and the inverse of the spectroscopic enhancement
W (black) versus probe intensity Mt for N = 4.8 × 105. The red, blue, and black curves are fits
to the data. The data for W is calculated from R data and the fit to C2/Ci. The 68% confidence
band for the W fit and the SQL is in grey. The dashed red curve shows the fitted R assuming
no probe-induced added noise (rc = rq = 0). The light-blue region is the predicted C2/Ci due to
free space scattering. All error bars are 1 std. dev. We use the usual convention for expressing
a ratio X in dB units, x (dB) = 10 log10X. (B) Examples of optomechanical oscillations in the
dressed cavity frequency ωc′ . The relative detuning of ωc′ and ωp results in increased or decreased
oscillation damping rates, a source of probe-induced back-action noise (see supplementary text).
Each curve is the average of 30 experimental trials. (C) Example data and experimental sequence
for the measurement of the contrast C. Probe pulses (black) are measurements N̂↑. Microwave
pulses (green) rotate the polar angle θ of the Bloch vector. After the pre-measurement of N↑p,
a variable rotation θR is applied and N↑(θR) is recorded. The contrast C is determined from the
amplitude of the N↑(θR) fringe (curves are a fit to the data), with two examples shown in blue and
grey for Mt = 3.0× 104 and Mt = 0 respectively.
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Figure 3.4: Absolute phase sensitivity versus N. The red points are the observed spin-squeezed
state phase sensitivities (optimized with respect to measurement strength Mt) for different atom
numbers N . The data show the predicted 1/N2 scaling for probing on a cycling transition [134, 34],
equivalent to a linear scaling of the spectroscopic enhancement W−1 versus N , shown in the inset.
The red line is a linear fit to the data. The SQL is confirmed by measuring the projection noise
that appears in N↓ −N↑p (black points, each 100 trials) and observing 1/

√
N scaling. Error bars

indicate 68.3% confidence intervals.

Taken together, the decrease in spin noise and loss of contrast quantify the spectroscopic

enhancement of the spin-squeezed state W−1 = R−1C2/Ci, as calculated in Refs. [4, 139, 35]. The

optimum observed improvement corresponds to W−1 = 10.5(1.5) or 10.2(6) dB. This value includes

no measurement background noise subtraction, and thus represents the actual realized improvement

in phase sensitivity.

Further confirmation that our collective measurement is near the cycling transition limit

is the observed ∆θ2 ∝ 1/N2 scaling of the absolute phase resolution[4, 34], shown in Fig. 3.4.

For comparison, the optimal phase resolution when state-changing processes are the dominant

limitation on W scales as N−3/2. This more favorable scaling with N is important for practical

applications where absolute phase resolution is the figure of merit.
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When the spectroscopic enhancement W−1 ≥ 1, the ensemble is guaranteed to be entangled.

We also compute from Ref. [144] the multi-partite entanglement witness ξ = 100 >> 1 with the

physical interpretation that a system of consisting of 100 spin-1/2 atoms that undergo ideal two-axis

twisting[88] would exhibit the same spin-noise reduction and contrast as we observe in our system.

Maximally entangled ensembles can achieve phase estimation precision of ∆θ2
HL = 1/N2, known as

the Heisenberg limit, which has been realized with small ensembles[117]. Our system is far from the

Heisenberg limit for N = 4.8× 105 atoms. However, the absolute phase sensitivity is equivalent to

∼ 44000 copies of a maximally-entangled 11 atom ensemble, emphasizing the massive parallelism

achievable by collective measurements to generate entanglement in neutral atom ensembles.

The optical nature of our approach, among others[4, 139, 159, 104, 141], offers the advantage

that the probe or squeezing laser can be completely extinguished after the squeezed state is gener-

ated. In contrast, a potential challenge for squeezing generated using atomic collisions is whether

the interactions that generate entanglement can be sufficiently reduced to avoid loss of accuracy

and precision during the subsequent sensing period.

The collective measurement approach is compatible with a wide array of atomic sensors but

is particularly appealing for optical lattice clocks[74], where systematic errors and atom loss may

place a limit on the ensemble size. The probe also provides a low-noise, non-destructive readout

method, similar to Ref. [170]. We achieve a readout sensitivity at the SQL while only imparting

0.007(1) photon recoils per atom, and hence very little loss of atoms from the trap due to heating.

This may provide a purely classical improvement for sensors limited by measurement dead time

associated with reloading the atomic ensemble in between trials, a crucial issue for advancing optical

lattice clock stability [163].

Straightforward technical improvements could both decrease the technical measurement noise

floor and increase the total probe detection efficiency from 8(5)% (see Table 3.5) to > 50%, allowing

us to reach W−1 ∼ 100 in our current system with only a medium finesse optical cavity. However,

to realize even further spectroscopic enhancement, previously unimportant forms of probe-induced

back-action will likely require additional study.
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Common to both paths

Cavity mirror losses 0.42
Heterodyne detection 0.5
Photodetector (S5973) 0.865

Transmission Path

Path efficiency 0.69
Detector electronic noise 0.80
Added noise from 823 nm path length reference 0.9
Total transmission path efficiency 0.046

Reflection Path

Path efficiency 0.54
Detector electronic noise 0.83
Added noise from carrier path length reference 0.9
Total reflection path efficiency 0.037

Figure 3.5: The measured detection efficiencies for the spin squeezing experiment.

3.4 Experimental Details

3.4.1 Atom-Cavity System

The optical cavity used for the collective measurements has a measured free spectral range

of 7.828(1) GHz and a measured transverse mode spacing of 2.257(2) GHz, determining the cavity

length to be L = 1.9149(3) cm and the mode waist to be w780 = 69.90(4) µm at 780 nm. With

no atoms in the cavity, the cavity frequency is denoted ωc and the measured cavity linewidth or

power decay rate is κ = 2π × 11.8(1) MHz, giving a cavity finesse F = 663(5). The power decay

rate from factory-specified mirror transmission alone is κ◦ = 2π × 5.02 MHz.

The cavity is also used to generate the one-dimensional, intra-cavity optical lattice trap at

wavelength λl = 823 nm, with a mode waist w823 = 71.78(4) µm and an axial trap frequency ωax =

2π × 150 kHz. The atoms are polarization-gradient-cooled to 10(2) µK in the trap, putting them

in the Lamb-Dicke regime along the cavity axis. A magnetic field with magnitude |B| = 0.73(1) G

is oriented along the cavity axis. A simplified diagram of the cavity setup is shown in Fig. 3.6, and

a more detailed schematic of the system is shown in Fig. 3.8.

The atomic ensemble is prepared and probed using the D2 line in 87Rb at 780 nm (Fig S2).

The hyperfine ground states |↓〉 ≡
∣∣5 2S1/2, F = 1,mf = 1

〉
and |↑〉 ≡

∣∣5 2S1/2, F = 2,mf = 2
〉
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Probe
(780 nm)

B = 0.74 G

6.833 GHz
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(780 nm)

Trap (823nm)

Heterodyne Beams

Reflection Detector

Transmission 
Detector

L = 1.9 cmAOM

Figure 3.6: Simplified experimental diagram. The one dimensional optical lattice trap at
λl = 823 nm is formed from a standing wave in the cavity (orange). We load N◦ = 4.0 × 104 to
7.2×105 87Rb atoms into the trap and cool them to 10 µK. The atomic sample extends∼ 1 mm along
the axis of the L = 1.9 cm long optical cavity. State preparation is performed using a combination
of 780 nm light (purple) for optical pumping and coherent ground state rotations performed with
6.833 GHz microwaves from the dipole antenna. A uniform magnetic field is applied to provide
a quantization axis and spectrally resolve the ground state Zeeman sub-levels. The probe electric
field forms a standing wave in the cavity, represented by the sinusoidal red line. The atom-cavity
system is probed with 780 nm light (red), set to σ+ polarization before entering the cavity. The
probe light is separated from trap light using a dichroic mirror (grey) on the probe transmission
side. The probe light is detected in both reflection and transmission with a heterodyne beam
frequency shifted by an AOM.
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form the pseudo-spin-1/2 system. Coherent rotations of the spin system are accomplished by

coupling the ground states with a 6.833 GHz microwave field[36]. The relevant optically excited

state |e〉 ≡
∣∣5 2P3/2, F

′ = 3,mf = 3
〉

has a decay rate Γ = 2π × 6.06 MHz.

The coupling between the cavity mode and a single atom on the |↑〉 to |e〉 transition is

parametrized by the single-photon Rabi frequency 2g0 = 2π × 1070(30) kHz, given at an anti-

node of the standing wave probe field at the center of the cavity both in the transverse and axial

dimensions[85]. The probe coupling varies sinusoidally as g(z) = g0 cos (2πz/λp), where z is the

spatial coordinate along the axis of the cavity. The probe field at wavelength λp = 780 nm is

incommensurate with the trapping site spacing set by λl, so we define an effective single photon

Rabi frequency 2g for the ensemble, accounting for both the axially and radially varying coupling

as in [139, 35]: 2g = 2π× 894(46) kHz (or cooperativity parameter C = 4g2/(κΓ) = 1.1(1)× 10−2).

The total number of atoms confined in the optical lattice is N◦, irrespective of their coupling to the

standing-wave probe mode. An effective atom number N = 0.663(4) × N◦ with uniform coupling

2g produces the observed projection noise fluctuations. Throughout the main text, N refers to the

effective atom number.

3.4.2 Collective Population Measurement

The collective measurement of atomic population in |↑〉, N̂↑, is made by measuring the reso-

nance frequency of the coupled, or dressed, atom-cavity system ωc′ . The collective coupling of the

atoms in |↑〉 to the cavity mode is Ω↑ =
√
N↑2g, where N↑ is number of atoms in |↑〉. The bare

cavity resonance frequency ωc is detuned δ = ωc − ωa = 2π × 200 MHz to the blue of the |↑〉 → |e〉

transition at frequency ωa. The collective coupling results in a dressed cavity resonance frequency

that is shifted by an amount

ωc′ − ωc =
1

2

(√
δ2 +N↑ (2g)2 − δ

)
. (3.1)

We measure the frequency of the dressed atom-cavity system using σ+ polarized light from a narrow

(< 5 kHz) linewidth probe laser similar to that in Ref. [106], described in Chapter 2. The probe
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Figure 3.7: Atomic energy level structure. The relevant energy level structure of the 5 2S1/2

to 5 2P3/2 transition in 87Rb. The cycling transition has an optical atomic resonance frequency ωa.
The cavity resonance with no atoms present (dashed light blue) with frequency ωc is detuned to the
blue of atomic resonance. The atom-cavity coupling creates a dressed cavity resonance (light blue)
with frequency ωc′ which we probe using σ+ laser light at frequency ωp (red). The cycling nature
of the transition means scattering primarily maintains population in |↑〉 (orange). Scattering of the
probe light from atoms in |↓〉, detuned by ∼ 6.8 GHz, provides the fundamental limit to the cycling
transition, as atoms can scatter to both |↑〉 and |1〉 ≡ |F = 2,mf = 1〉 (dark blue). Furthermore,
imperfect polarization can lead to transitions for atoms in |↑〉 to other internal states. An example
of scattering from a π-polarized component of the probe is shown as the dashed red lines, with the
state changing transitions in dark blue.

frequency ωp is tuned nominally to resonance with the dressed cavity mode ωc′ . The phases of the

transmitted and reflected probe signals give the resonance frequency ωc′ , described in detail below.

The measured frequency is then used in Eqn. 3.1 to determine N↑. The relevant cavity and probe

frequencies are schematically represented in Fig. 3.7.

The collective measurement strength is quantified by Mt, the average number of photons



70

transmitted through the cavity in a single measurement N̂↑. For each measurement, the probe

light is on for 43 µs, but the measurement is an average of ωc′ over only 40 µs to avoid edge effects

in the data acquisition. Probe-induced back-action from free space scattering is quantified by Ms,

the number of photons scattered into free space during each measurement. Ms is related to Mt by

Ms = Mt

(
2Γ
κ◦

N↑4g
2

4(ωc′−ωa)2

)
[34]. For the data with optimum squeezing at N = 2N↑ = 4.8× 105, the

calculated number of photons scattered into free space is Ms = 1.0(1)×Mt.

Both the transmitted and reflected probe light are detected in heterodyne with respect to

frequency-shifted light derived from the same probe laser (Fig. 3.8). In both cases, the probe

signal appears at the photodiode output as a 50 MHz signal that is quadrature demodulated,

with the in-phase I and quadrature-phase Q digitized and recorded by a computer. The I and Q

amplitudes during a measurement are used to compute the phase of the detected probe light in

both transmission φpt and reflection φpr as described in Chapter 2.

Fluctuations in the relative paths of the probe and heterodyne beams adds fluctuations to the

measured phases, equivalent to variances two times projection noise in transmission and 15 times

projection noise in reflection. We use reference beams traversing the same optical paths to remove

the added phase fluctuations without introducing significant additional atomic decoherence.

The probe light at frequency ωp that resonantly excites the dressed cavity mode is generated

by phase modulating a carrier 170 MHz to the blue of the probe frequency. The modulation

is performed with the EOspace phase modulator shown in Fig. 3.8. In reflection, this carrier

follows the same path as the reflected probe light, and therefore can be used to cancel path length

fluctuations. Because this reference beam is detuned from the dressed cavity resonance ωc′ by

many cavity linewidths, it is primarily reflected from the cavity input and does not interact with

the atoms. The carrier produces a signal in the reflection photodetector at 120 MHz, which is

then quadrature demodulated, digitized, and a carrier phase is computed φcr. Path length noise is

removed in the differential quantity φr = φpr − φcr, which is found to be very stable over time.

The carrier frequency component is not transmitted through the cavity and cannot be used to

remove path length noise in the transmission heterodyne detection. Instead, we exploit the 823 nm
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Figure 3.8: Detailed probe path documenting generation of heterodyne beams, probe quantum
efficiencies to reflection and transmission detectors, and path length stabilization setup for trans-
mission using 823 nm lattice laser. The 780 nm laser (red) is split into the heterodyne paths (thick
lines) and the probe path (thin lines), which are eventually overlapped before jointly entering single
mode fibers that go to the fast heterodyne detectors. The 823 nm laser (orange dashed line) that
forms the optical lattice trap is also directed to largely follow, in reverse direction, the transmission
heterodyne path (Heterodyne 1). Some of the path length noise is then common mode, and appears
in the heterodyne detection of the 823 light in the probe setup area. The grey square indicates
components on a platform raised 3 ft off the optical table surface. All other components on table
surface.
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optical lattice light passing through the cavity to remove path length noise from the transmission

phase φpt. The details are shown in Fig. 3.8. A 50/50 beam splitter takes the light from the

823 nm lattice laser path to send back through the heterodyne arm of the transmission path to

the 823nm heterodyne detector, a Hamamatsu S5973 photodiode with a AD8015 transimpedance

amplifier like those described in Chapter 2. The 823 nm trapp light that transmits through the

cavity travels back along the path of the probe beam, with enough light leaking through the optical

isolator to form a signal in heterodyne. This leakage light is then frequency shifted by an AOM to

form a beatnote signal on the 823 nm photodiode at 50 MHz. The detected signal is demodulated

and sampled to yield a phase φlt. Path length noise in the transmission probe phase is removed by

calculating the differential quantity φt = φpt − φlt(λl/λp), where λl = 823 nm and λp = 780 nm.

The two heterodyne interferometers for the transmitted probe light and tracer light are made to

be completely common up to two short free space paths of ∼ 0.5 m total running along the optics

table. While fluctuations in the differential path length lead to long term drifts (1 radian at 20

ms) in φt, the drifts are not relevant to the differential measurements of populations made at short

time scales (100 µs) in this work.

The measured phases are converted to detunings between the probe and cavity mode δt,r =

φt,r/St,r using separate scale factors St,r = dφt,r/dωp. The scale factors are directly measured

during the experiments by jumping the probe frequency by 0.5 MHz (much less than the cavity

half linewidth) and recording the change in the measured phases. In the case of transmission, an

additional linear phase shift appears in φt and must be accounted for, because the lattice or tracer

beam frequency is not changed in the scale factor calibration. St must be adjusted accordingly. In

contrast, in reflection both the probe and carrier frequency components are jumped in frequency

together.

For measurements of the crucial differential quantity N↑f − N↑p, we construct differential

detunings δrfp ≡ δrf − δrp = (φrf − φrp)/Sr and similarly for transmission. Long terms drifts

in φt cancel from this differential quantity. The final estimate for the differential detuning is

calculated from a weighted average of the transmission and reflection measurements as δfp =
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(σ2
rfpδtfp+σ2

tfpδrfp)/(σ
2
rfp+σ2

tfp). The measured noise variances in transmission σ2
tfp and reflection

σ2
rfp are estimated from the variance in measurements of δtfp and δrfp performed over 100 trials

at the same atom number N and probe photon number Mt. Ideally, the weights are equal, but we

find σ2
rfp/σ

2
tfp = 1.65(4) indicating different detection efficiencies for the two paths. We calculate

the differential atom number N↑f −N↑p = δfp
(
dωc′/dN↑|N↑rp

)
, where the derivative is calculated

using Eqn. 3.1 and evaluated at an atom number N↑rp in |↑〉 that is calculated from Eqn. 3.1 and

the reflection measurement δrp.

3.4.3 Spin Noise Reduction Measurement Sequence

Spin noise reduction R is determined from the directly measured noise in the difference of

two measurements of the population N↑. The experimental sequence for measuring R is shown in

Fig. 3.9. We first pre-align the probe frequency ωp to the dressed cavity frequency ωc′ , described

in detail below. Next, we prepare a coherent spin-state on the equator of the Bloch sphere by

optically pumping all atoms to |↓〉 (J along −ẑ), then applying a π/2 microwave pulse to orient

the Bloch vector along x̂, equivalent to placing each atom in a superposition of |↑〉 and |↓〉. We

infer the number of atoms in |↑〉 by switching on the probe laser to make the first measurement

of ωc′ , and label the result N↓. After phase-coherently swapping the populations in |↑〉 and |↓〉

using a microwave π-pulse, we perform two successive measurements of the population in |↑〉 and

label the results N↑p and N↑f . The experiment is repeated more than 100 times and the variance

of the difference between the final measurement and the pre-measurement (∆ (N↑f −N↑p))2 is

calculated from the measured phases as described above. The spin noise reduction R is computed

as R =
(∆(N↑f−N↑p))

2

N/4 .

In Fig. 3.10, we compare measurement noise versus Mt both with and without atoms in

the cavity. With atoms, the contribution from photon shot noise is 4.5 dB lower because the

presence of atoms creates a narrower dressed cavity resonance [34]. The difference is visible for

small Mt where photon shot noise dominates. However, measurement back-action with atoms

present contributes noise that increases with Mt and limits the maximum-achievable spin noise
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Rotate:

Probe      :

Opt. Pump:

Set ωp ~ ωc’

Pre-alignment Pre-measurement

98 µs

time

6 µs 100 µs2.5 ms 600 µs 43 µs

Figure 3.9: Timing Sequence. The experimental timing sequence showing probe laser pre-
alignment and the pre-measurement that prepares a conditionally spin-squeezed state, followed by
a final measurement to quantify the reduction in spin noise. Each optical pumping step (purple)
prepares the ensemble in |↓〉. Rotations (green) are performed by coupling |↑〉 and |↓〉 with a
coherent microwave source. Probe laser pulses (red) correspond to individual measurements N̂↑,
with the measurement outcomes labeled as shown.
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Figure 3.10: Comparing measurement noise with and without atoms. The fluctuations
in the difference between two measurements of the dressed cavity frequency ωc′f − ωc′p, used to
determine the difference of population measurements N↑f − N↑p, is plotted versus the average
number of probe photons Mt. On the left axis, the fluctuations are expressed as the standard
deviation ∆(ωc′f − ωc′p)/2π in absolute frequency units. On the right axis, the same fluctuations
are expressed as the ratio of the variance (∆(ωc′f − ωc′p))2 to the variance (∆ωc′p)

2 caused by the
quantum projection noise (QPN) of a CSS. For the ensemble of N = 4.8 × 105 atoms here, QPN
causes fluctuations ∆ωc′ = 2π × 144(9) kHz, indicated by the line at 0 dB. Measurement noise is
compared with (red) and without (black) the atoms loaded in the trap. For the case with atoms,
the right axis is equivalent to R. The lines are fit to the data. The error bars are 1 std. dev.
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reduction R, as described later in the supplementary text.

The role of the first measurement, labeled N↓ in Fig. 3.9, is to cancel inhomogeneous light

shifts caused by the standing-wave probe light during the pre-measurement N↑p, with the π-pulse

forming a spin-echo sequence. Light shift cancellation is critical for restoring coherence (i.e. length

of the Bloch vector) so that a Bloch vector rotation through an angle θ after the pre-measurement

will produce an observable change of the final measurement N↑f .

In principle, the first measurement can be used to enhance the spin noise reduction. However,

we found that the π-pulse degraded the observed spin noise reduction when the information gained

from the first measurement was utilized. The noise added by the microwave rotation results from

both fluctuations in the transition frequency |↓〉 to |↑〉, as well as amplitude and phase noise of the

applied microwave field. Neglecting the information in N↓ avoids these sources of rotation-added

noise at the cost of a potential factor of 2 improvement in R.

Fluctuations in the atom number N produce significant fluctuations in the detuning δp =

ωp − ωc′ of the probe from the dressed cavity resonance from one trial to the next. For scale,

the atom number changes by ∼ 1% peak to peak on 1 minute time scales, and can drift by 2.5%

over 30 minutes. Fluctuations in δp can create additional technical noise that limits R. First, the

number of transmitted photons Mt changes with the detuning of the probe, modifying the small

observed chirping of ωc′ described below. Secondly, the point of maximum measurement sensitivity

is achieved when δp � κ/2.

To mitigate these two effects, we implement a scheme to pre-align the probe laser frequency ωp

to the dressed cavity frequency ωc′ at the start of each trial (Fig. 3.9). After we prepare a coherent

spin-state on the equator of the Bloch sphere by optical pumping and a π/2 rotation, we actively lock

ωp to ωc′ , then hold ωp fixed at the final frequency for all subsequent measurements within a trial.

After this pre-alignment, the ensemble is optically repumped to |↓〉 and the measurement sequence

described previously is performed. Pre-alignment of the probe laser reduced the trial to trial

standard deviation of the probe-cavity detuning during the pre-measurement N↑p to ∆δp = 0.045×

κ/2. For comparison, the fundamental limit set by the uncorrelated projection noise appearing in
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both the pre-alignment and the pre-measurement is ∆δp = 0.034× κ/2.

3.4.4 Quantifying Measurement-induced Back Action

To verify that the collective measurements generate a conditionally spin-squeezed state with

enhanced phase sensitivity, we must determine the fractional reduction in the Bloch vector length

J caused by measurement back-action. The degree to which the measurement avoids collapse and

dephasing is quantified by the contrast C = J/(N/2). To measure C, we apply a variable polar angle

rotation θR to the Bloch vector using an additional π/2 microwave pulse after the measurement of

N↑p. The polar angle is changed by varying the phase of the final microwave π/2 pulse relative to

that of the initial π/2 pulse. We then measure the population of |↑〉 with measurement outcome

labeled N↑(θR). The contrast is determined from fitting the data to its expected dependence

N↑(θR) = (N/2)(1 + C cos θR). Assuming each free space scattered photon causes a single atom

to collapse into spin up, reducing J by one unit, the predicted contrast is Cpred = Cie−Ms/N . The

initial contrast Ci = 0.97(3) is the contrast measured with no probe light (Ms = Mt = 0) during

the pre-measurement. When Ms is increased such that C falls below ∼ 0.9, the contrast begins to

decrease more rapidly than predicted by free space scattering, as seen in Fig. 3.3A. We believe the

deviation is likely due to light shifts that are not fully canceled by the spin-echo formed by the

combination of measurements labeled N↓ and N↑p.

In this section, we quantify measurement back-action due to spontaneous scattering that

changes the internal state of an atom. We consider limitations to the spin noise reduction from

both the fundamental quantum noise, which we call population diffusion, and noise from classical

fluctuations in the average change in internal state populations. For a perfect probing scheme on

a cycling transition, only Rayleigh scattering is allowed, and so no change of the internal state of

the atom would take place. However, as shown in Fig. 3.7 and discussed in ref. [34], atoms in

|↓〉 can non-resonantly Raman scatter to both |↑〉 and |1〉 ≡ |F = 2,mf = 1〉. Another possible

measurement imperfection we consider is impure probe light polarization allowing population to

Raman scatter out of |↑〉.
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Rotate:
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Prepare in ↓

Figure 3.11: Probe-induced population change. (A) To measure the sum of transition
probabilities p↓↑ + p↓1, we first prepare atoms in |↓〉 with optical pumping (purple). Next, a
scattering probe pulse (red), quantified by the average number of transmitted probe photons Mt,
causes some atoms to change state to |↑〉 and |1〉. Many photons per atom in |1〉 are scattered into
free space, allowing the atoms in |1〉 to transition to |↑〉. Thus, the measurement of the dressed
cavity frequency ωc′↓ gives the total number of atoms scattered out of |↓〉. (B) To measure the
transition probability p↑↓, we prepare atoms in |↑〉 using optical pumping and a microwave π pulse
(green). The imperfection in the σ+ polarized probe used for the scattering pulse causes some atoms
to change state to |↓〉. We again assume all atoms that scatter to |1〉 immediately transition back
to |↑〉. We swap the populations in |↑〉 and |↓〉 with another microwave π pulse, so the measurement
of ωc′↑ gives the number of atoms that scattered to |↓〉. (C) Measurements of the dressed cavity
frequency due to probe-induced internal state-changing transitions, with ωc′↓ (red) described in
A, and ωc′↑ (blue) described in B. The lines are fits to the data, yielding a change in ωc′ per
transmitted photon δωc′↓ = 2π × 1.11(2) Hz/photon (red) and δωc′↑ = −2π × 0.86(5) Hz/photon
(blue). Here N = 2.1× 105 atoms.



78

Our model for the added noise in R considers transitions between three states, |↑〉, |↓〉, and

|1〉. The probabilities per free space scattered photon to make a transition are denoted as p↑↓, p↓↑,

p↑1, and p↓1 for the four transitions |↑〉 → |↓〉, |↓〉 → |↑〉, |↑〉 → |1〉, and |↓〉 → |1〉 respectively.

To determine the transition probabilities, we do two experiments, shown in Fig. 3.11. In each

experiment, we measure an average change in ωc′ per transmitted probe photon. We then convert

the frequency change into a transition probability using the calculated dressed cavity shift per

atom added to each state αs =
dωc′
dNs

, where s =↑, ↓, 1. In one experiment, shown in Fig. 3.11A,

we measure the sum p↓↑ + p↓1 and use known branching ratios to get the individual probabilities

p↓↑ = 7.3(7) × 10−4 and p↓1 = 3.6(4) × 10−4. In the other experiment, shown in Fig. 3.11B, we

directly measure p↑↓ = 8(1)×10−4. We assume p↑↓ results from imperfect polarization of the probe

laser. This measurement of p↑↓ constrains the fraction of probe power in the non-cycling polarization

to < 6.7(8)%, if the imperfection is assumed to be σ−-polarized light, and < 1.7(2)%, assuming

π-polarized light for the imperfection. Direct measurements more tightly constrain the fraction of

power in the probe that is not in the σ+ mode to < 0.5%. The final transition probability p↑1 can be

calculated using branching ratios, known probe detuning from atomic resonance ωp − ωa, and p↑↓,

assuming a specific ratio of σ− to π polarization for the probe polarization imperfection. For the

full range of possibility for the polarization of the probe light imperfection (i.e. the ratio of σ− to

π polarized light in the probe imperfection ranging from 0 to 1), the transition probability doesn’t

change within its uncertainty, p↑1 < 3.9(5) × 10−3. In all cases, these independent measurements

show that the transition probabilities are small p � 1, approaching the ideal cycling transition

limit of p = 0.

The fundamental limitation on R from internal state-changing scattering events comes from

quantum noise in the scattering process. Specifically, if the average total number of transitions

from |↑〉 to |↓〉 is N↑↓ = p↑↓Ms, then on a given trial there will be quantum fluctuations in the total

number of transitions with the standard deviation of N↑↓ given by ∆N↑↓q =
√
p↑↓βMs. Here the

factor of β = 2/3 accounts for the unweighted time averaging of the measurement records during

the two measurements N̂↑ that form the desired differential quantity N↑f −N↑p. In the limit that
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Ms/(N/2) is small, the noise from each process is uncorrelated, and the noise added to R is the

sum of the individual variance of each process

Rpop,q =
βMs

N/4

[
p↑↓(α↓ − α↑)2 + p↑1(α1 − α↑)2

+ p↓↑(α↑ − α↓)2 + p↓1(α1 − α↓)2
]
. (3.2)

We assume no multiple Raman scattering, a good assumption for the low average probe photon

number Mt used here.

Classical fluctuations in the probe photon number Mt, and hence Ms, also introduce classical

noise in the number of Raman transitions between ground states which adds noise to N↑f − N↑p,

limiting the spin noise reduction. Also, an average population change can add technical challenges to

the experiment as the dressed cavity mode frequency ωc′ changes or chirps during a measurement.

For our experiment, the classical rms fluctuations in Ms are ∆Ms = 0.04Ms. These classical

fluctuations contribute a term to the total spin noise reduction

Rpop,c =
∆M2

sc

N/4

[
p↑↓(α↓ − α↑) + p↑1(α1 − α↑)

+ p↓↑(α↑ − α↓) + p↓1(α1 − α↓)
]2
. (3.3)

The noise added by classical probe power fluctuations exhibits a fortuitous cancellation in

the current experiment. The added classical noise due to the population change is reduced by a

factor of ∼ 6.5 in variance due to a cancellation of the two terms containing (α↓ − α↑) and as seen

in Fig. 3.11.

The results of both the quantum and classical noise models, combined with the determina-

tion of the four transition probabilities, predict that internal-state changing transitions have been

effectively eliminated as a source of probe induced back-action in this system (see Table 3.1 for

constraints). Our measurements also indicate the added noise is small enough to allow for another

two orders of magnitude improvement in spectroscopic enhancement for future experiments.
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By suppressing internal-state transition noise, we reveal sources of probe-induced back-action

that were not relevant in our prior measurement-induced spin-squeezing experiments [35]. Here we

consider two sources that contribute noise to population measurements, both of which arise from the

standing wave probe field in the cavity. The first source of back-action results from dispersive forces

exerted on the atoms by the probe, which cause coherent oscillations of ωc′ (previously observed

in ref. [170]). The second source results from free-space scattering of probe photons leading to

photon recoil heating, which causes a change of the dressed cavity frequency ωc′ . In this section,

we describe how these two effects contribute both classical and quantum noise to our measurement

of N↑f −N↑p. Note that neither source of back-action acts as an additional source of decoherence

(i.e. a loss of contrast C). While these sources of back-action do not fully account for the measured

back-action rc in our experiment, they are interesting as sources of back-action that may limit the

spin noise reduction R in future work.

In our standing wave cavity, the probe induces a spatially varying light shift on the atoms,

proportional to g2(z). The gradient of this light shift imparts a force on atoms not at a node or

anti-node of the standing wave. When the probe is turned on, the atoms experience an impulsive

momentum kick along the axial direction and oscillate at ωax = 2π × 150 kHz in the confinement

of the trapping lattice at 823 nm. Because the coupling strength g(z) is position dependent, the

atomic motion causes ωc′ to oscillate at the same frequency. The oscillations damp in approximately

10 µs due to a spread in axial oscillation frequencies caused by the spread in radial position of the

atoms in the confining optical lattice.

The oscillation is phase coherent between trials, and each measurement N̂↑ largely averages

over the oscillations. Nonetheless, variation in initial conditions lead to measurement noise in the

differential quantity N↑f − N↑p by causing variation in the collective oscillation. For example,

classical and quantum fluctuations in N↑ cause variation in the probe detuning from the dressed

cavity mode δp = ωp − ωc′ . The detuning δp determines the nature of dynamic optomechanical

effects on the atoms [140]. If ωc′ > ωp, the collective oscillation experiences optomechanical damp-

ing. If ωc′ < ωp, the oscillation will experience optomechanical anti-damping that lengthens the
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Noise Source R−1 (uncertainty)

Observed Optimum 16(2)
Photon Shot Noise rPSN 32(4)
Technical Noise Floor Rt 73(34)

Laser Linewidth 520(250)
Classical Noise rc 67(15)

Variable Damping Ro 620(60)
Photon Recoil Rext,c 4.5(5)× 103

Population Change Rpop,c 3.2(4)× 104

Quantum Noise rq > 7× 105

Photon Recoil Rext,q 4.8(5))× 105

Population Diffusion Rpop,q 1700(300)

Table 3.1: Contributions to the observed spin noise reduction R from a fit to the data versus probe
strength Mt that includes photon shot noise, a noise floor, quantum noise, and classical noise. Each
value is given at the optimum spin noise reduction at Mt = 4.1× 104. The indented rows show the
calculated contributions from the various noise sources to each term. The uncertainties are 68.3%
confidence intervals.

characteristic decay time of the observed oscillations of ωc′ (Fig. 3.3B).

A change in the damping rate can alter the degree of cancellation of the optomechanical

ringing in the differential measurement N↑f − N↓p. Pre-alignment of the probe frequency to the

dressed cavity resonance, described previously, was important for reducing fluctuations in the probe

detuning δp that drive these variations.

We estimate the noise contribution of probe-induced collective oscillations by comparing data

with and without the oscillations. We make the comparison by applying the probe continuously,

and defining measurement windows that are time shifted with respect to the turn on of the probe

where the ringing of ωc′ is largest. We first calculate ∆(N↑f − N↑p) measured using the first 86

µs of data, as was done in the spin-squeezing experiments. Then we calculate ∆(N↑f −N↑p) using

data starting 90 µs after the probe turn on when the collective oscillations have largely damped

away. From the comparison of the two variances, we estimate that variable damping contributes

a term Ro to the spin noise reduction that empirically scales as M2
t and limits R−1 to 620 (Table

3.1).

The second source of optomechanical back-action we consider here arises from free-space

scattered photons heating the ensemble in a position-dependent manner. Importantly, atoms that
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are more strongly coupled to the cavity mode are more strongly heated due to free-space scattering.

This process can be thought of as an external state-changing transition, paralleling the internal

state-changing transitions discussed previously (i.e. Eqns. 3.2 and 3.3). The rise in temperature

while probing changes the atoms’ spatial distribution, reducing the overall coupling to the cavity and

shifting ωc′ . The average shift of ωc′ caused by the increase in temperature is 1.3 Hz per free space

scattered photon, making it the largest average probe-induced frequency shift of ωc′ in our system.

Thus, quantum and classical fluctuations in Ms adds noise to measurements N̂↑, contributing the

relatively small quantum Rext,q and classical Rext,c terms to the spin noise reduction R (see Table

3.1).

Again, the two identified sources of back-action, spatially-dependent photon-recoil heating

and variable damping of the optomechanical ringing, fail to predict the entirety of the measured

probe-induced back-action rc that scales as M2
t for data in Fig. 3.3 and 3.10. We believe the

remaining added noise results from the details of the collective optomechanical oscillations, which

are difficult to quantify and require further characterization. This additional noise will be important

to understand for future advances but is beyond the scope of this work.



Chapter 4

A theoretical model for a steady-state superradiant Raman laser

In this chapter, I develop a theoretical model of a steady-state Raman laser that makes three

extensions to the two-level superradiant laser model presented in Ref. [115]. These extensions

are motivated by repumping and cavity tuning effects present in the experimental work of Refs.

[24, 21, 23, 160], described subsequently in this thesis. The extensions include: (1) an imperfect

atomic repumping scheme in which some population remains in an intermediate third level, (2)

additional decoherence caused by Rayleigh scattering during repumping, and (3) a tuning of the

cavity mode frequency in response to the distribution of atomic populations among the available

atomic states. We initially make no assumptions about operation in the good or bad cavity regime.

I explicitly show that a Raman lasing transition involving three levels can be reduced to a two

level lasing transition, making the Raman system a relevant model system to explore the physics

of superradiant lasers. Finally, I extend the simple Raman system to the experimental system in

87Rb, incorporating all eight atomic ground hyperfine states.

4.1 Three-Level Model

4.1.1 Deriving the Laser Equations

We begin by equations for a general three-level laser, making no assumptions about a good

cavity or bad cavity regime. The three-level model for the laser presented here is pictured in Fig.

4.1. It consists of two lasing levels denoted by excited state |e〉 and ground state |g〉 separated by

optical frequency ωeg, a third state |3〉 which the atoms must be optically pumped to before they
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ΓR 

Figure 4.1: Energy level diagram of a three-level superradiant laser using the optical transition from
|e〉 to |g〉. The emitted optical laser light (blue) is nearly resonant with the cavity mode (dashed
lines), detuned from ωc by δbcav. The atoms are incoherently repumped to a third state at a rate
W . Atoms in |g〉 also Rayleigh scatter at a rate ΓR, but leaves them in state |g〉. The incoherent
repumping from |3〉 to |e〉 at rate Γ3e completes the cycle.

can be optically pumped back to |e〉, and a single optical cavity mode with resonance frequency ωc.

The cavity resonance is near the |e〉 → |g〉 transition frequency, with δbcav = ωc−ωeg. We describe

the atoms-cavity system using the Jaynes-Cummings Hamiltonian [77]

Ĥ = ~ωcĉ†ĉ+ ~g(ĉ†Ĵ− + ĉĴ+). (4.1)

Here 2g is the single atom vacuum Rabi frequency that describes the strength of the coupling of the

atoms to the cavity mode, set by the atomic dipole matrix element. The operators ĉ and ĉ† are the

bosonic annihilation and creation operators for photons in the cavity mode. We have introduced

the collective spin operators Ĵ− =
∑N

q=1

∣∣g(q)
〉 〈
e(q)
∣∣, and Ĵ+ =

∑N
q=1

∣∣e(q)
〉 〈
g(q)
∣∣ for the |e〉 to |g〉

transition, assuming uniform coupling to the cavity for each atom. The index q labels the sum over

N individual atoms. We also define the number operator for atoms in the state |k〉, k ∈ {e, g, 3},

as N̂k =
∑N

q=1

∣∣k(q)
〉 〈
k(q)
∣∣ and the collective spin projection operator Ĵz = 1

2

∑N
q=1(N̂

(q)
e − N̂ (q)

g ).

The density matrix for the atom cavity system is ρ̂ =
∑

kl

∑∞
m,n=0 |k, n〉 〈l,m| where the

second sum is over the atomic basis states k, l ∈ {g, e, 3}, and the third sum is over the cavity
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field basis of Fock states. The time evolution of ρ̂ is determined by a master equation for the atom

cavity system

˙̂ρ =
1

i~
[Ĥ, ρ̂] + L[ρ̂]. (4.2)

Dissipation is introduced through the Liouvillian L[ρ̂] [115]. Sources of dissipation and associ-

ated characteristic rates include the power decay rate of the cavity mode at rate κ, the spontaneous

decay from |e〉 to |g〉 at rate γ, the spontaneous decay from |3〉 to |e〉 at rate Γ3e, and Rayleigh

scattering from state |g〉 at rate ΓR. The repumping is treated as “spontaneous absorption” at

rate W , analogous to spontaneous decay, but from a lower to higher energy level. Note that here

I redefine the symbol W to refer to the repumping rate, which holds throughout the rest of the

thesis. Physically, this is achieved by coupling |g〉 to a very short lived excited state that decays to

|3〉. The Liouvillian is written as a sum of contributions from the processes above respectively as

L[ρ̂] = Lc[ρ̂] + Leg[ρ̂] + L3e[ρ̂] + LR[ρ̂] + Lg3[ρ̂]. The individual Liouvillians are

Lc[ρ̂] = −κ
2

(ĉ†ĉρ̂+ ρ̂ĉ†ĉ− 2ĉρ̂ĉ†) (4.3)

Leg[ρ̂] = −γ
2

N∑
q=1

(σ̂(q)
eg σ̂

(q)
ge ρ̂+ ρ̂σ̂(q)

eg σ̂
(q)
ge − 2σ̂(q)

ge ρ̂σ̂
(q)
eg ) (4.4)

L3e[ρ̂] = −Γ3e

2

N∑
q=1

(σ̂
(q)
3e σ̂

(q)
e3 ρ̂+ ρ̂σ̂

(q)
3e σ̂

(q)
e3 − 2σ̂

(q)
e3 ρ̂σ̂

(q)
3e ) (4.5)

LR[ρ̂] =
ΓR
4

N∑
q=1

((σ̂(q)
ee − σ̂(q)

gg )ρ̂(σ̂(q)
ee − σ̂(q)

gg )− (σ̂(q)
ee + σ̂(q)

gg )ρ̂). (4.6)

Lg3[ρ̂] = −W
2

N∑
q=1

(σ̂
(q)
g3 σ̂

(q)
3g ρ̂+ ρ̂σ̂

(q)
g3 σ̂

(q)
3g − 2σ̂

(q)
3g ρ̂σ̂

(q)
g3 ) (4.7)

We obtain equations of motion for the relevant expectation values of the atomic and field

operators using Ȯ = Tr[Ô ˙̂ρ]. Complex expectation values are indicated with script notation, while
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Figure 4.2: Representing the state of the |e〉, |g〉 two level system using a collective Bloch vector.

real definite expectation values are standard font, so Ċ = Tr[ĉ ˙̂ρ] and J̇− = Tr[Ĵ− ˙̂ρ]. We assume the

unknown emitted light frequency is ωγ and factor this frequency from the expectation values for the

cavity field and the atomic polarization, C = C̆e−iωγt and J− = J̆−e−iωγt. The symbol ˘ indicates a

quantity in a frame rotating at the laser frequency. The set of coupled atom-field equations is then

˙̆C = −(κ/2 + i(ωc − ωγ))C̆ − igJ̆− (4.8)

˙̆J− = −(γ⊥ + i(ωeg − ωγ))J̆− + i2gC̆Jz (4.9)

J̇z = − (W + γ)
Jz
2

+ (2Γ3e −W + γ)
N3

4

+
N

4
(W − γ) + ig(J̆−C̆∗ − J̆+C̆)

(4.10)

Ṅ3 = − (Γ3e +W/2)N3 +W (N/2− Jz) (4.11)

In the above equations, we have combined the broadening of the atomic transition into a

single transverse decay γ⊥ = γ/2 + W/2 + ΓR/2. We have assumed no entanglement between

the atomic degrees of freedom and the cavity field in order to factorize expectation values of the

form 〈σ̂klĉ〉 = 〈σ̂kl〉 〈ĉ〉. The equations make no assumptions about the relative sizes of the various

rates, making them general equations for a three level laser, but one of the distinct differences in

cold-atom lasers versus typical lasers is that the transverse decay rate is often dominated by the



87

repumping rate γ ∼W/2.

It is useful to represent the two-level system formed by |e〉 and |g〉 as a collective Bloch

vector (Fig. 4.2). The vertical projection of the Bloch vector is given by the value of Jz, and is

proportional to the laser inversion. The projection of the Bloch vector onto the equatorial plane

J⊥ is given by the magnitude of atomic polarization |J̆−|, with J2
⊥ = |J̆−|2. We refer to J⊥ as the

collective transverse coherence of the atomic ensemble.

4.1.2 Steady-state Solutions

To understand how extending to this three-level model affects the fundamental operation of

the laser, we now study the steady-state solutions with respect to repumping rates, cavity detuning,

and Rayleigh scattering rates. The steady-state solutions assume γ �W , the regime of operation

for proposed superradiant light sources [115, 33] and the experiments of Refs. [24, 21], but make

no approximations based on the relative magnitudes of γ⊥ and κ. Thus γ⊥ ≈ W/2 + ΓR/2, but

otherwise the results in the section hold for both good-cavity (κ � γ⊥) and bad-cavity (κ �

γ⊥) lasers. We first determine the steady-state oscillation frequency, starting by setting the time

derivatives in Eqn. 4.8 and Eqn. 4.9 to zero. After solving for C̆,

C̆ = −i g

κ/2 + iδ0
J̆− (4.12)

where δ0 denotes the cavity detuning from the laser emission frequency δ0 = ωc−ωγ . Substituting

the result into Eqn. 4.9, we have

2g2Jz = (γ⊥ + i(ωeg − ωγ))(κ/2 + iδ0) . (4.13)

Since Jz is always real, the imaginary part of Eqn. 4.13 must be zero. This constrains the frequency

of oscillation to

ωγ =
ωc

1 + κ
2γ⊥

+
ωeg

1 + 2γ⊥
κ

, (4.14)
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a weighted average of the cavity frequency and the atomic transition frequency.

We solve for the steady-state solutions of Eqns. 4.8-4.10 by setting the remaining time

derivatives to zero and substituting Eqn. 4.12 for C in all the equations. In this work, the amplitude

properties are our primary interest (as compared to the phase properties studied in Refs. [115, 24]),

so we further simplify the equations, at the expense of losing phase information, by considering the

magnitude of the atomic polarization |J̆−|. The equation for the time derivative of J2
⊥ is

d

dt
J2
⊥ = |J̆+||

d

dt
J̆−|+ |J̆−||

d

dt
J̆+| (4.15)

The steady-state output photon flux is just proportional to the square of the equatorial

projection

˙̄Mc = κ|C̆|2 = J2
⊥

Cγ

1 + δ′20
. (4.16)

Here we have also defined a normalized detuning δ′0 = δ0/(κ/2) and a single particle cavity coop-

erativity parameter

C =
(2g)2

κγ
(4.17)

that gives the ratio of single-particle decay rate from |e〉 to |g〉 for which the resulting photon is

emitted into the cavity mode, making C equivalent to the Purcell factor [149].

After these substitutions and simplifications, the steady-state solutions (denoted with a bar)

are

J̄z =
2γ⊥(1 + δ′20 )

2Cγ
(4.18)

J̄2
⊥ =

(
N

2

)2( 2r

1/2 + r

)(
W (1 + δ′20 )

NCγ

)(
1− 2γ⊥(1 + δ′20 )

NCγ

)
(4.19)
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N̄3 =
J̄2
⊥
r

(
Cγ

W (1 + δ′20 )

)
(4.20)

˙̄Mc =

(
N

2

)2( 2r

1/2 + r

)(
W

N

)(
1− 2γ⊥(1 + δ′20 )

NCγ

)
(4.21)

written in terms of the repumping ratio r ≡ Γ3,e/W . Note that r also determines the steady-state

build up of population in |3〉 as N̄3/N̄g = 1/r. To succinctly express the modification of J̄2
⊥ and

˙̄Mc due to inefficient repumping, we define the reduction factor

R(r) ≡ r

1/2 + r
. (4.22)

which appears in Eqns. 4.19 and 4.21 above.

Next we discuss the behavior of these solutions for the characteristic parameters of the three-

level model: W , r, δ′0, and ΓR. The results are illustrated in Figs. 4.3-4.5.

First, we focus on the impact of repumping on the steady-state behavior. The photon flux

˙̄Mc follows a parabolic curve versus the ground state repumping rate W (Fig. 4.3). In the limit

δ′0 → 0, r →∞, and ΓR → 0, Eqn. 4.21 reduces to the result for the simple two-level model of Ref.

[115]. This limit is shown as the black curve in part (a) of Figs. 4.3-4.5. At low W , the photon

flux is limited by the rate at which the laser recycles atoms that have decayed to |g〉 back to |e〉.

At high W , the photon flux becomes limited by the decoherence from the repumping, causing the

output power to decrease with increasing W . When the atomic coherence decays faster than the

collective emission can re-establish it, the output power goes to zero. This decoherence limit is

expressed in the condition for the maximum repumping threshold, above which lasing ceases:

Wmax =
NCγ

1 + δ′20
− ΓR . (4.23)

The output photon flux is optimized at Wopt = Wmax/2. Notice that the maximum repumping rate

is not affected by r. However, the additional decoherence (here in the form of Rayleigh scattering)
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Figure 4.3: (a) Steady-state photon flux ˙̄Mc versus ground state repumping rate W , with a series
of curves showing the effects of repumping through the additional state |3〉.The case of r = ∞ is

the two level model of Ref. [115] (black). (b) Photon flux ˙̄Mc versus r with W = Wopt. For all
curves, δ′0 = 0 and ΓR = 0, and the photon flux is plotted in units of P2lvl = N2Cγ/8.

lowers the turn-off threshold. If ΓR > NCγ
1+δ′20

, the decoherence will prevent the laser from reaching

superradiant threshold regardless of W .

In Figs. 4.3-4.5, we plot Eqn. 4.21 emphasizing (a) the modification to the photon flux

parabola, and (b) the optimum photon flux as a function of the population in the third state

(as parameterized by the repumping ratio r), detuning of the cavity resonance from the emission

frequency δ, and additional decoherence from Rayleigh scattering ΓR. The photon flux is plotted

in units of the optimum photon flux in the two-level model of Refs. [115, 114], P2lvl = N2Cγ/8.

As the repumping process becomes more inefficient and population builds up in |3〉, param-

eterized by r as N̄3/N̄g = 1/r, we see from Eqns. 4.19 and 4.21 that the photon flux ˙̄Mc decreases

(Fig. 4.3). A repumping ratio r = 10 ensures the laser operates within a few percent of its max-

imum output power. Notice that ˙̄Mc saturates after r is greater than ≈ 2. Although inefficient

repumping suppresses ˙̄Mc, the optimum and maximum repumping rates Wopt and Wmax are not

modified.
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Figure 4.4: (a) Steady-state photon flux ˙̄Mc versus ground state repumping rate W , with a series
of curves showing the effects of detuning of the cavity resonance frequency from the emitted light

frequency δ′0. (b) Photon flux ˙̄Mc versus δ′0 with W = Wopt(δ
′
0). The photon flux is plotted in units

of P2lvl = N2Cγ/8. For all curves, r =∞ and ΓR = 0.
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Figure 4.5: (a) Steady-state photon flux ˙̄Mc versus ground state repumping rate W , with a series
of curves showing the effects of decoherence in the form of Rayleigh scattering from the ground

state |g〉. (b) Photon flux ˙̄Mc versus ΓR with W = Wopt(ΓR). The photon flux is plotted in units
of P2lvl = N2Cγ/8. For all curves, r =∞ and δ′0 = 0.
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The preservation of the operating range can be important, as in practice large values of r

can lead to added decoherence (due to intense repumping lasers for example), which does reduce

the operating range. Lowering the value of r allows some flexibility as some output power can be

sacrificed to keep the laser operating over a wider range of W.

Cavity detuning modifies both the ˙̄Mc and Wopt (Fig. 4.4). The modification arises from the

δ′0 dependent cavity cooperativity

C ′ =
C

1 + δ′20
. (4.24)

The modified cooperativity C ′ originates from the atomic polarization radiating light at ωγ , which

non-resonantly drives the cavity mode with the usual Lorentzian-like frequency response. Thus,

the output photon flux ˙̄Mc, turn-off threshold Wmax, and optimum repumping rate Wopt all scale

like 1/(1 + δ′20 ). This effect is symmetric with respect to the sign of δ′0. Physically, the rate a single

atom spontaneously decays from |e〉 to |g〉 by emitting a photon into the cavity mode is Γc ≡ C ′γ,

which we use to simplify some later expressions.

Finally, we examine the effect of additional atomic broadening through ΓR in Fig. 4.5.

Additional broadening linearly reduces Wopt and Wmax, but because we require the repumping rate

to remain at Wopt in Fig 4.5b, ˙̄Mc has a ( ΓR
NΓc
− 1)2 dependence.

The key insight from the steady-state solutions for our three-level model is that imperfections

in the lasing scheme can quickly add up, greatly reducing the expected output power of the laser.

A repumping scheme should be chosen to minimize Rayleigh scattering ΓR and maximize the

repumping ratio r. Added decoherence, as well as the detuning δ′0 are especially problematic

because they restrict the possible range of W for continuous operation. The results of this section

were crucial for understanding the operation of the experiments described in Chapters 5, 7, and 8.
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4.2 Raman laser system

In the previous section, I presented a model for a three level laser for qualitatively describing

the results from recent experiments that use laser cooled 87Rb as the gain medium [24, 21, 23].

However, the 87Rb system also relies on a two-photon Raman lasing transition between hyperfine

ground states, instead of a single optical transition. To address this difference, here we provide a

model that has a two-photon Raman lasing transition, but a simple one-step repumping scheme

directly from |g〉 to |e〉. Then in Sec. 4.3, we present a full model of the bad-cavity laser in 87Rb

that has both the two-photon Raman transition and a more complex repumping scheme.

In Sec. 4.2.1, we derive equations of motion for the expectation values in the Raman model,

then explicitly adiabatically eliminate the optically excited intermediate state in the Raman transi-

tion. In Sec. 4.2.2 I establish the equivalences (and differences) between the Raman and non-Raman

models. We will find that the Raman transition is well described as a one-photon transition with

a spontaneous decay rate γ, an effective atom-cavity coupling g2, and with a two-photon coopera-

tivity parameter C2 equal to the original one-photon cooperativity parameter. The Raman system

differs in the appearance of two new phenomena: differential light shifts between ground states and

cavity frequency tuning in response to atomic population changes. The latter effect was inserted

by hand in Sec. 4.1. As in Sec. 4.1, we first derive equations without assuming a good-cavity or

bad-cavity laser, only specializing to the bad-cavity limit at the end of the section.

4.2.1 Adiabatic Elimination

To establish the connection between two-photon Raman lasing and one-photon lasing, we

start by defining the Hilbert space for a three-level Raman system with two ground states denoted

|g〉 and |e〉 (separated by only 6.834 GHz in 87Rb) and an optically excited intermediate state

|i〉 (Fig. 4.6). The Hilbert space also includes a single cavity mode that couples |g〉 to |i〉. The

density operator for the Hilbert space is ρ̂ =
∑N

q=1

∑
kl

∑∞
mn

∣∣k(q), n
〉 〈
l(q),m

∣∣. The first sum is

over individual atoms, the second is over the atomic basis states k, l ∈ {i, e, g}, and the third sum
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Figure 4.6: Energy level diagram for a superradiant laser enabled by an induced Raman transition.
States |e〉 and |g〉 are two metastable states separated by a non-optical frequency ωeg. They share
an optically excited state |i〉 that has a linewidth Γ. Using a Raman dressing laser (green), detuned
from |i〉 by ∆d, we can induced a optical decay to |g〉, which, in absence of collective effects, would

proceed at rate γ = Γ
4

(
Ωd
∆

)2
. Including a single optical cavity mode, coupled to the |i〉 to |g〉

transition with coupling constant 2g, gives rise to collective emission. The cavity mode frequency
is ωc, detuned from |i〉 by ∆c, making the two-photon detuning δ0 = ωc − (ωd + ωeg). To complete
the laser cycle, the atoms are incoherently repumped from |g〉 to |e〉 at a rate W .
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is over cavity Fock, or photon-number, states. Raising and lowering operators for the cavity field

and atoms are defined as in Sec. 4.1. The state occupation operators for atoms in the state |k〉 are

again N̂k =
∑N

q=1

∣∣k(q)
〉 〈
k(q)
∣∣, where the index q denotes a sum over individual atoms. We also

define collective atomic raising and lower operators Ĵkl =
∑N

q=1

∣∣k(q)
〉 〈
l(q)
∣∣.

We describe the system via the semi-classical Hamiltonian

H = ~ωcĉ†ĉ+ ~ωiN̂i + ~ωeN̂e + ~ωgN̂g

+ ~
Ωd(t)

2
(Ĵei + Ĵie) + ~g(ĉ†Ĵgi + ĉĴig).

(4.25)

The Raman dressing laser at frequency ωd is described by the coupling Ωd(t) = Ωd(e
−iωdt + eiωdt),

and the atoms are uniformly coupled to the dressing laser. The rotating wave approximation will be

applied so that only near-resonant interactions will be considered. The dressing field is externally

applied, and we assume it is unaffected by the system dynamics (i.e., there is no depletion of the

field).

To reduce the Raman transition to an effective two-level system, we derive the equations of

motion for expectation values of the operators that describe the field and the atomic degrees of

freedom. As was done in Sec. 4.1, we use the time evolution of the density matrix obtained from

the master equation (Eqn. 4.2) to derive the equations of motion Ȯ = Tr[Ôρ̂]. The details are

included in Appendix A.

After adiabatic elimination of the optically excited state, we have the set of three coupled

equations analogous to Eqns. 4.8-4.10:

Ċ =

(
−κ/2− i

(
g2

∆
Ng + ωc

))
C − igΩd

2∆
Jgee

−iωdt (4.26)

J̇ge =

(
−γ⊥ − i

(
Ω2
d

4∆
− g2|C|2

∆
+ ωeg

))
Jge

+ i2
gΩd

2∆
JzCeiωdt

(4.27)

J̇z = W (N/2− Jz) + i
gΩd

2∆
(C∗Jgee−iωdt − CJegeiωdt) (4.28)
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Here γ⊥ = W/2 and ∆ = ∆d + (δ0/2), which is also the average of ∆d and ∆c. The Eqns.

4.26-4.28 are general equations, valid without assuming a good-cavity or bad-cavity laser.

4.2.2 Defining Effective Two Level Parameters for the Raman System

We can now identify the effective two-photon atom-cavity coupling constant

g2 =
gΩd

2∆
. (4.29)

The effective Rabi flopping frequency between |e〉 and |g〉 is just 2g2.

Using this coupling constant, we can also construct an effective cooperatively parameter for

the two-photon transition using C2 = (2g2)2/κγ, where

γ =
Γ

4

(
Ωd

∆

)2

(4.30)

is the decay rate for an atom in |e〉 to |g〉 induced by the dressing laser, calculated for large

detunings. Substituting Eqns. 4.29 and 4.30 into the above expression for C2, one finds that the

two-photon cooperatively parameter and the one-photon cooperatively parameter (Eqn. 4.17) are

identical C2 = C = (2g)2/κΓ. This is explained by the geometric interpretation of C, a ratio

which is determined by the fractional spatial solid angle subtended by the cavity mode and the

enhancement provided by the cavity finesse F which enters through the value of κ ∝ 1/F [149].

The adiabatic elimination yields the two-photon differential ac Stark shift of the frequency

difference between |e〉 and |g〉

ωac =
Ω2
d

4∆
− g2|C|2

∆
, (4.31)

seen in Eqn. 4.27. The two contributions to ωac correspond to virtual stimulated absorption and

decay. The same virtual process also acts back on the cavity mode creating a cavity frequency as

seen in Eqn. 4.26. The shift corresponds to a modification of the bare cavity resonance frequency,

leading to a new dressed cavity resonance ωD given by
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ωD = ωc +Ng
g2

∆
. (4.32)

This is the cavity frequency tuning in response to atomic populations artificially introduced in Sec.

4.1. We have assumed that only an atom in |g〉 couples to the cavity mode, but in reality both

states may couple to the cavity mode such that in general ωD = ωc+Ng
g2
g

∆g
+Ne

g2
e

∆e
, where we have

specified independent populations, coupling constants, and detunings for the two states |e〉 and |g〉

denoted by subscripts. For tractability in Sec. 4.1’s three-level model, we assumed the pre-factors

g2/∆ were equal in magnitude but opposite in sign so that cavity frequency tuning could be written

as g2

∆ (Ne −Ng) = αJz.

As in Sec. 4.1, we also determine the steady-state frequency of the laser

ωγ =
2γ⊥

2γ⊥ + κ
ωD +

κ

2γ⊥ + κ
(ωeg + ωd − ωac) . (4.33)

and define δ = ωD−ωγ as the detuning of the emission frequency ωγ from the dressed cavity mode

ωD.

Here we see that, in general, both the atomic transition frequency tuning from ωac and the

cavity frequency tuning in ωD are important for the laser amplitude dynamics. Comparing the

expressions for ωac and ωD, both scale with g2/∆, and the determining degrees of freedom are the

relative number of atomic to photonic quanta. In good-cavity systems, a large number of photons

can build up in the cavity, and the frequency tuning dynamics are dominated by the ac Stark shift

[156]. Superradiant lasers, operating deep in the bad-cavity regime, can operate with less than one

intracavity photon on average [24], resulting in a system with amplitude dynamics dominated by

dispersive tuning of the cavity mode from population [21]. Additional energy levels that couple to

the dressed cavity mode ωD can result in a proliferation in the degrees of freedom for dispersive

cavity tuning, resulting in a much richer system than one dominated by ac Stark shifts, which

depend only on |C|2.

To complete the analogy to the non-Raman lasing transitions from the previous section and
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arrive at equations for the bad-cavity laser dynamics, here we make the bad-cavity approximation

κ � 2γ⊥. We again adiabatically eliminate the cavity field amplitude, assuming that it varies

slowly compared to the damping rate. We define a normalized detuning δ′ = δ/(κ/2), and use the

cooperativity parameter C to describe the coupling. After simplifying, we have a two-level system

analogous to Eqns. 6.1 and 6.2 in Sec. 4.1

d

dt
|Jge|2 = −2γ⊥|Jeg|2 +

2Cγ

1 + δ′2
Jz|Jge|2 (4.34)

d

dt
Jz = W (N/2− Jz)−

Cγ

1 + δ′2
|Jge|2 . (4.35)

Note that in the bad-cavity limit, the detuning of the dressed cavity mode from the emission

frequency δ is to good approximation the difference of the dressed cavity resonant frequency and

the dressed atomic frequency, modified by a small cavity pulling factor

δ ≈ (ωD − (ωeg − ωac + ωd))

(
1− W

κ

)
. (4.36)

Our conclusion is that a Raman superradiant laser can perform as a single-photon superra-

diant laser with C2 = C, but with a transverse collective coherence that evolves a quantum phase

at a frequency set by the separation of the two ground states. This means that while superradiant

Raman lasers based on hyperfine transitions may not be useful for optical frequency references,

their tunability and control make them excellent physical “test-bed” systems for studying cold

atom lasers [156, 24, 21]. In addition, the switchable excited state lifetime in a Raman system

introduces the possibility of dynamic control in the superradiant emission, useful for novel atomic

sensors [23, 160].

4.3 Full Model in 87Rb

In this section, we give the results of a model for a superradiant Raman laser using the ground

state hyperfine clock transition (|g〉 =
∣∣52S1/2, F = 1,mf = 0

〉
, |e〉 =

∣∣52S1/2, F = 2,mf = 0
〉
) in

87Rb, including all eight ground state levels for repumping. The results include specific values
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Figure 4.7: Lasing transition and Raman dressing scheme on the 87Rb D1 line (795 nm). The
dressing light (red) and collective emission (blue) are a superposition of σ+ and σ− polarizations
because the direction of propagation of the light is along the quantization axis defined by the
direction of the magnetic field at the atoms. The Raman dressing laser is detuned by ∆ from
the atomic transition. The bare cavity detuning is δ0 = ωc − (ωd + ωhf ). The optically excited
state on the D1 line has a linewidth ΓD1/2π = 5.75 MHz. The effective population decay from

|F = 2,mf = 0〉 to |F = 1,mf = 0〉 is γ = ΓD1
4

(
Ωd
∆

)2
.

1mf= 0 2 1mf= 0 2

F=2

F’=2

Step 1 Step 2

F’=1

F=1

ΓD2

Figure 4.8: Two step repumping process on the 87Rb D2 line (780 nm). The diagram is drawn
showing on only positive Zeeman states, but the process is symmetric with respect to mf = ±1,±2.
The desirable decay branches (magenta) show the most direct repumping sequence, although any
particular repumping sequence could go through many ground hyperfine states. The optically
excited state on the D2 line has a linewidth ΓD2/2π = 6.07 MHz.
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of parameters taken from the superradiance experiments in this thesis. The model combines the

three-level repumping from the model in Sec. 4.1 and the Raman transition between |e〉 and |g〉

of Sec. 4.2. After summarizing the key steady-state results, we use linear response theory similar

to Sec. 4.1 to examine the stability of the laser, identifying the important parameters for stable

operation in superradiant Raman lasers.

4.3.1 Continuous Superradiant Raman Laser in 87Rb

We model steady-state superradiance in the full 87Rb Raman system by first including inco-

herent repumping among the eight ground 5 2S1/2 hyperfine populations NF,mF (Fig. 4.8). We use

λ = {F,mF } to refer to a generic set of population quantum labels as Nλ.

The repumping is performed using single particle scattering off optically excited states to

result in Raman transitions to move population from F = 1 to F = 2 (Fig. 4.8). The repumping

has a clear analogy to the three-level model from Sec. 4.1 because population cannot be directly

transfered from |e〉 to |g〉, meaning some finite population accumulates outside the coherent lasing

levels. Separate lasers repump atoms in the F = 1 state (green) and the F = 2 state (purple).

The lasers are characterized by Rabi frequencies Ω1,0,2,0 and Ω2,1,2,1 respectively. The rate of

population transfer out of |g〉 is proportional to the total scattering rate W , which includes the

Rayleigh scattering rate. The transverse decoherence rate γ⊥ = W/2 is dominated by the necessary

scattering from repumping. In analogy with the model in Sec. 4.1, the repumping rates out of the

states in F = 2 are proportional to rW , where r = Ω2
2,1,2,1/Ω

2
1,0,2,0. The detailed equations for the

repumping are given in Appendix B.

To include the collective emission in our 87Rb Raman laser model, we reduce the Raman

transition dynamics to an effective two-level model by eliminating the optical intermediate state

(see Sec. 4.2). The hyperfine ground states |g〉 and |e〉 form the effective two-level transition shown

in Fig. 4.7. The optical transition is induced by a 795 nm dressing laser with Rabi frequency Ωd

far detuned from the |e〉 →
∣∣52P3/2, F

′ = 2,m′F
〉

transition (∆ is typically 1-2 GHz). The dressing

laser creates an effective spontaneous scattering rate from |e〉 to |g〉 γ = ΓD1
4

(
Ωd
∆

)2
(see Eqn. 4.30
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in Sec. 4.2). The fraction of this single particle scattering that goes into the cavity mode is given

by the cooperativity parameter C = 8× 10−3.

Single particle scattering in the cavity mode results in a build up of collective coherence J2
⊥

between |e〉 and |g〉. The collective emission has an enhanced scattering rate which dominates the

population transfer from |e〉 to |g〉. We include the population transfer from collective emission

along with the equation for the collective coherence Eqn. 4.34 with the population equations from

repumping to form the set of equations used to obtain the steady-state solutions and perform the

linearized analysis. We give the details in Appendix B.

4.3.2 Steady-state Solutions

In analogy to the model in Sec. 4.1, we are concerned with steady-state values of the inversion

Jz = 1
2(N2,0−N1,0), the collective transverse coherence J2

⊥, and the population that occupies energy

levels outside the laser transition Nother = N−N2,0−N1,0. The steady-state solutions of the system

equations are

J̄2
⊥ =

(
N

2

)2
(

3
13r

27
104 + r

)(
2W (1 + δ′2)

NCγ

)(
1− W (1 + δ′2)

NCγ

)
(4.37)

J̄z =
W (1 + δ′2)

2Cγ
(4.38)

N̄other = N

(
4

13

)( 27
32 + r
27
104 + r

)(
1− W (1 + δ′2)

NCγ

)
(4.39)

M̄c = J̄2
⊥

Cγ

1 + δ′2
. (4.40)

Here δ′ is the detuning of the dressed cavity mode from the laser emission frequency.

As in Sec. 4.1, there is again both a repumping rate that maximizes the coherence (along

with the output photon flux) and a repumping threshold for laser turnoff
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Wopt =
NCγ

2(1 + δ′2)
, (4.41)

Wmax = 2Wopt. (4.42)

To understand the effect of repumping in the full 87Rb model, we compare Eqn. 4.37 to

the steady-state coherence in the three-level model, Eqn. 4.19 in Sec. 4.1. While the form of the

expression versus the ground state repumping rate W is the same as the three-level model, the

scale factor associated with the repumping ratio is modified. The power reduction factor

RRb(r) ≡
3

13

(
r

27
104 + r

)
(4.43)

is the modification to the steady-state photon flux compared to the ideal model in Refs. [115]. RRb

has a maximum value of 3/13 contrasted with R, Eqn. 4.22, which has a maximum of 1.

While the repuming ratio r 6� 1, most of the population remains in N2,0 and N1,0 (Eqn.

4.39). The inversion Jz is the same as the model from Sec. 4.1 (Eqn. 4.18), as here W corresponds

to 2γ⊥. Thus, the results of Figs. 4.3-4.5 give a good qualitative understanding of the steady-state

behavior of the 87Rb system as well.

4.4 Conclusion

We have developed a minimal model for a steady-state, superradiant laser that includes

key features of observed in recent experiments using 87Rb [24, 21, 23, 160]. The model describes

the reduction in the laser output power with the repumping ratio r, the cavity-atomic transition

detuning δ, and an additional source of decoherence, such as caused by Rayleigh scattering ΓR.

The explicit elimination of an intermediate excited state in our Raman laser theory shows that a

Raman laser can serve as a good physics model for lasers operating deep into the bad-cavity regime.

The adiabatic elimination also reveals the source of the crucial atomic and cavity frequency tunings

that can play a key role in the amplitude stability of Raman lasers, both in the bad-cavity [21] and

good-cavity [156] regimes.
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In addition to explaining experimental observations in previous work, this paper serves as a

guide for the design of other cold-atom lasers and superradiant light sources that utilize nearly-

forbidden optical transitions [115, 33]. Our minimal model includes a multi-step repumping process

and shows the path to adding more energy levels or repumping steps as required for realistic

experimental systems. Many of the results here do not assume a good-cavity or bad-cavity laser,

making them general results that can be followed until simplified expressions based on a particular

laser regime are required.

In general, superradiant laser designs should strive to eliminate sources of decoherence, such

as Rayleigh scattering or differential ac Stark shifts from repumping light, while maintaining ef-

ficient repumping that avoids accumulation of population outside the atomic energy levels of the

lasing transition. The steady-state and amplitude stability properties of cold-atom lasers can be

significantly modified by their repumping scheme.

Future designs may also apply optical dressing techniques to induce decay of the excited state

[160, 23]. In such Raman systems, the dressing of the cavity-mode can provide positive or negative

feedback for stabilizing the output power of the laser. The dressed cavity mode also can pull

the laser emission frequency, serving as an amplitude noise to phase noise conversion mechanism.

Future theoretical and experimental work, beyond the scope of this paper, can extend the linear

response theory presented here to incorporate quantum noise in the repumping process. Cavity

frequency pulling and quantum noise in the dressing of the cavity mode are possible sources of the

laser linewidth broadening observed in Ref. [24], where the observed linewidth exceeded the simple

Schawlow-Townes prediction [115].



Chapter 5

A steady state superradiant laser with less than one intracavity photon

In this chapter, I describe the experimental implementation of a superradiant Raman laser

source in which spontaneous synchronization of more than 106 87Rb atomic dipoles is continuously

sustained by as few as 0.2 photons on average inside the optical cavity. By operating at low intra-

cavity photon number, I demonstrate isolation of the collective atomic dipole from the environment

by a factor > 104. The emitted light has a frequency linewidth, measured relative to the Raman

dressing laser, below that of single-particle decoherence rates and more than 104 times below the

quantum linewidth limit typically applied to good-cavity, optical lasers [136]. These results demon-

strate several key predictions relevant for future superradiant lasers that may be used to improve

the stability of passive atomic clocks [78] and have the potential to open up searches for new physics

[16, 55]. This chapter is based on the work in Ref. [24].

5.1 Superradiant Lasers

The fundamental linewidth of a laser is given by a generalized expression for the Schawlow-

Townes full width at half maximum (FWHM) ∆fST in Hertz by Kolobov et al. [92] and in a

simplified form by Kuppens et al. [97] as

∆fST =
1

4π

hf

Pout

(
2γ⊥κ

2γ⊥ + κ

)2

, (5.1)

where Pout is the power exiting the cavity, f is the oscillation frequency, h is the Planck constant, and

κ is the cavity power decay rate. The transverse decoherence rate of the lasing optical transition is
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Figure 5.1: A steady state superradiant laser. a, (left) In a good-cavity laser far above
threshold, many photons (yellow) circulate inside the cavity, extracting energy from the largely
incoherent atomic gain medium (blue). Thermal vibrations of the mirror surfaces modulate the
cavity resonance frequency, limiting the linewidth of the laser. In a superradiant laser (right), the
collective atomic dipole stores the coherence, and continuous stimulated emission can be achieved
even with less than one photon in the cavity. The stimulation enables phase information to be
extracted at a useful rate, while the small intracavity photon number leads to only weak cavity-
induced backaction on the collective atomic dipole. b, To mimic a narrow optical atomic transition,
we dress the metastable ground state labeled |e〉 with a laser (blue) to induce a spontaneous
two-photon Raman transition to |g〉, with tunable rate γeg. With no repumping light, a single
superradiant pulse is emitted. d, With repumping light applied, we observe quasi-continuous
emission limited by atom loss. The atoms emit into a single spatial mode of the cavity (TEM00)
imaged on a CCD (inset). e, The measured peak power output (black circles) scales as the number
of atoms squared.The red line is a quadratic fit to the data.
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γ⊥ = γeg/2+1/T2, where γeg is the decay rate from excited to ground state and 1/T2 parameterizes

additional atomic dephasing mechanisms.

Optical lasers have typically operated in the good-cavity limit 2γ⊥ >> κ (Fig. 5.1a) due to

Doppler broadening or broadening due to interactions with crystal lattices, for instance. In this

limit, the generalized linewidth expression reduces to ∆fGST = κ/(4πMc), where Mc is the average

intracavity photon number (see Sec. 5.6).

If the cavity and atomic transition frequencies, fcav and fatomic, are not identical, the system

oscillates at a weighted average frequency fγ = (2γ⊥fcav+κfatomic)/(2γ⊥+κ). The cavity frequency

pulls the oscillation frequency away from the atomic transition frequency by an amount P ≡

df/dfcav = 2γ⊥/(2γ⊥+κ). In the good cavity limit, the emission frequency tracks the empty cavity

frequency as P ≈ 1.

In the bad-cavity limit (2γ⊥ � κ), the FWHM linewidth reduces to ∆fBST = γ2
⊥/(πκMc), a

result intimately connected to cavity narrowing using slowed light [97, 158]. The collective atom-

light excitation is stored predominantly in the gain medium, making the atoms the primary carrier of

phase information (Fig. 15.1a). The weak intracavity photon field acts mainly as a communication

bus to drive spontaneous synchronization of the atomic dipoles and to extract information about

the phase stored in the collective atomic dipole. The synchronized atomic dipoles radiate at an

enhanced rate, a phenomenon known as superradiance or superfluorescence [43]. In addition, the

frequency pulling becomes P ≈ 2γ⊥/κ� 1, dramatically reducing the impact of noise in the cavity

frequency. This isolation of the oscillator from the environment is the key to reducing the sensitivity

of such a laser to thermal and technical noise.

5.2 Experimental System

Our experimental system, described in Sec. 5.6 and Chapter 2, operates deep into the optical

bad-cavity regime, with 2γ⊥/κ = 2 × 10−5 to 10−3. The effective excited state scattering rate

γeg ≈ 2 to 60 s−1 is comparable to some optical clock candidates, and the average intracavity

photon number Mc ranges from 0.2 to 60. The system consists of an ensemble of N ≈ 106 87Rb
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atoms confined to the TEM00 mode of a medium finesse (F = 710) optical cavity with cavity

power decay rate κ = 2π× 11 MHz. Optomechanical effects are suppressed by tightly trapping the

atoms using a one-dimensional intracavity optical lattice at 823 nm. We observe no lasing at the

vibrational sideband frequencies.

The cavity is coupled to an optically dressed atomic ground state engineered to imitate

a long-lived, optically excited atomic state [115, 33] (Fig. 15.1b). The effective excited |e〉 and

ground |g〉 states are the magnetic field insensitive ground hyperfine clock states. The upper state

|e〉 is metastable and separated from |g〉 by only 6.8 GHz, but we induce an optical Raman decay

from |e〉 to |g〉 by applying a linearly polarized 795 nm dressing laser tuned 1 to 2 GHz higher in

frequency than the optically excited intermediate state |i〉. The cavity is tuned to resonance with

the spontaneously emitted photon. The combination of detuning and dressing laser power sets a

tunable single particle decay linewidth γeg, the rate from |e〉 to |g〉. The cycle is completed using

780 nm light to incoherently repump atoms from |g〉 to |e〉 at a rate proportional to the single

particle rate,w, out of the ground state.

The superradiant linewidth ∆fBST reduces to Cγeg/π at a peak repumping rate wpk =

NCγeg/2. The cooperativity is C = (2g2)2/κγeg, where g2 is the single particle, two-photon

coupling of the atoms to the cavity emission mode after adiabatic elimination of the intermediate

state |i〉. It should be possible to obtain ∆fBST � γeg by operating in the single particle, weak

coupling regime C � 1, a limit that contrasts with the trend in quantum optics to engineer systems

with single-particle, strong-coupling C � 1. It is predicted that strong collective coupling NC � 1

is sufficient for self-sustained stimulated emission. In this work, we operate with C = 7.7(4)× 10−3

and NC ≈ 104 (all reported uncertainties describe 68% confidence intervals).

5.3 Results

A laser operating in the superradiant regime assumes continuous light generation, but opti-

cal superradiance is regularly regarded as an intrinsically pulsed process with no phase coherence

between the pulses. A single superradiant pulse of photons is emitted if all atoms are initial-
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(a)

(b)

Figure 5.2: The laser can operate in a quasi-steady-state mode in that each atom can go through
an emission-repumping cycle multiple times. However, the emitted power decreases over time,
eventually going to zero. In (a), we show one example of emission lasting ∼ 10 ms. Under other
conditions, we have observed emission lasting up to 120 ms. We verify that atoms are being lost
from the trap (b) by measuring a changing frequency shift of the cavity mode consistent with atom
loss. The loss is not associated with collective emission, as shown by the equivalence of the loss
observed with (red) collective emission or (blue) induced single particle emission from |e〉 to |g〉 via
free space scattering at the same rate as the collectively enhanced decay rate. The atom number
is in units of the initial atom number N0.

ized in |e〉 and the dressing laser is applied (Fig. 5.1c). This pulse contains approximately 0.9(1)

photons/atom. Without a pump to recycle the atoms to |e〉, this pulse is the full extent of the

superradiance.

If instead we apply continuous optical repumping from |g〉 to |e〉 along with the dressing laser,

we observe a transition to quasi-continuous superradiance. We verify that the signal is not just a

single pulse as the integrated number of photons emitted into the cavity mode is approximately

35(4) photons/atom for the data in Fig. 5.1d. By varying the excited state lifetime and repumping

rates, we were also able to observe superradiant emission lasting as long as 120 ms. By measuring

a temperature of the atoms both before and after the superradiant emission, we see a increase in

temperature from 16(1) µK to 30(2) µK. Given the trap depth of 351 µK, this is only a minor

increase in temperature. The light source shuts off as atoms are lost from the lattice, most likely
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due to light assisted atomic collisions.

We measure the atom loss by starting superradiant emission and then switching off the

dressing and repumping laser after a variable emission time. Turning off the lasers stops the emission

and freezes the state populations. Immediately afterwards, we probe the resonance frequency of

the cavity, which is dispersively shifted by the atoms. The non-destructive probing is similar to

the probing used in spin squeezing experiments described in Chapter 3, and the details for this

experiement are included in Section 5.6.1.

Fig. 5.2(a) shows the emitted power approaching zero after lasing for ∼ 10 ms. The measured

cavity shift decreases the longer the laser is allowed to oscillate, indicating that either atoms are

being lost from the trap or are having their coupling to the cavity mode reduced. We verify that

atoms are actually being lost from the trap by also performing fluorescence measurements in the

same experiment. The decay of the fluorescence signal is consistent with loss of atoms from the

trap. The loss of atoms is shown in Fig. 5.2(b).

The lasing quenches after only half the atoms are lost. This is explained by the fact that the

fixed repumping rate W was initially tuned to an optimum value W ≈ N0Cγeg/2 for the initial N0

atoms in the trap. The maximum repumping rate Wmax = NCγeg, above which lasing is quenched

as discussed below, then crosses below the fixed repumping rate W when the changing atom number

N meets the condition N < N0/2.

Lastly, in Fig. 5.2(b), we present data showing that the loss of atoms is not enhanced by

the superradiant process itself. To observe the loss of atoms without superradiant emission, we

tune the dressing laser closer to atomic resonance, increasing the single particle scattering to a

rate comparable to the collectively enhanced rate. We also move the cavity resonance frequency

far from the atomic transition frequency to inhibit any collective enhancement of the decay. After

running this non-collective emission for a variable time, we measured the atom number (Fig. 5.2(b),

blue circles). The atom loss was the same as in the case with collective emission (Fig. 5.2(b), red

circles). Because we observe loss from the trap that is not connected to collective emission, we

suspect that light assisted collisions, either from the dressing laser or the repumping lasers, are
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Figure 5.3: Repumping-induced quenching a, The average number of intracavity photons Mc

versus the repumping rate w for different decay rates γeg. The inferred Bloch vector is shown for
two operating points. b, The repumping rate above which superradiance is quenched wmax (green)
and the repumping rate at peak output power wpk (black) scale linearly with γeg, shown with linear
fits to the data.

responsible for the atom loss and ultimately for the shutoff of the laser. Light-assisted collisions

could be eliminated in the future using higher dimensional trapping lattices.

Ordinary single-particle fluorescence from an atomic ensemble is too weak to be useful as a

phase reference, but the emission rate by the collective dipole is increased into a single spatial mode

by approximately N . The predicted peak flux of photons out of the cavity is Ṁpk = RN2Cγeg/8,

where R = 1 for the two-level model of Ref. [115]. Typically, R ≈ 0.18 for our multi-level system

due to the necessity of optically repumping the atoms through several intermediate Zeeman states.

We observe the peak output power scaling as N2 (Fig. 15.1e). For this data, 2γ⊥/κ ≈ w/κ =

3.9(8)× 10−4 to 1.4(3)× 10−3.

Repumping non-collectively scatters photons transverse to the cavity mode, causing collapse

of individual atomic wavefunctions, which are then torqued to rejoin the collective dipole by the

weak intracavity field. If the repumping rate is greater than wmax = NCγeg, the cavity field
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cannot replenish the collective dipole relative to the rate of repumping induced collapse [115]. The

predicted peak output power occurs at wpk = wmax/2. The quenching and linear scaling of wmax

and wpk with γeg are shown in Fig. 25.3. The fitted and predicted slopes agree to within the 20%

uncertainty on the predicted values.

To explicitly show that the phase memory of the system resides in the collective dipole, we

measure the phase of the emitted light just before φ0 and after φ1 a dark period Tdark in which

both the dressing and repumping lasers are shut off (see Fig. 35.4) During this period, any photons

in the cavity exit with exponential time constant 1/κ = 14 ns, rapidly erasing all phase information

stored in the light mode. While the phase φ0 is random from one trial to the next, the phase

difference within a single trial φ1 − φ0 is highly correlated, demonstrating that phase information

is being stored within the collective atomic dipole.
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Figure 5.5: Beyond standard optical laser stability. a, The average power spectrum of the
heterodyne signal of the emitted light (black circles) at Mc = 0.20(2) intracavity photons with a
Gaussian fit (red line). b, The average power spectrum of the heterodyne signal of the emitted light
(black circles) at Mc = 30.6(5) with a Lorentzian fit that excludes offset frequencies lower than 4
kHz. c, The comparison of various characteristic linewidths. Gaussian noise processes are compared
to the measured Gaussian FWHM (dashed), and Lorentzian noise processes were compared to the
measured Lorentzian FWHM (solid). Details of the experimental configurations are included in
Sec. 5.6. d, As the decay rate γeg decreases, the atomic dipole becomes more isolated from the
mirrors, as shown by directly measuring cavity frequency pulling P (black circles). Because of
the collectively enhanced emission rate, phase information is still coupled out of the system at a
sufficient rate to achieve an ideal RMS phase noise (red circles) sufficient for spectroscopy below the
standard quantum limit for 105 atoms. The fitted curves are consistent with the predicted scaling
with γeg.
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5.4 Expt. Measure: Linewidth

In Fig. 45.5a, we present the power spectrum of the emitted light heterodyned with the

dressing laser atMc = 0.20(2) photons in the cavity mode. The measured Gaussian FWHM, 350(25)

Hz, is 4 orders of magnitude below the good-cavity Schawlow-Townes linewidth limit assuming

one intracavity photon. The measured linewidth is also below single particle decoherence rates

arising from inhomogeneous magnetic field broadening, Doppler decoherence, and the repumping-

broadened linewidth w (see Fig. 45.5c). We believe the predicted superradiant linewidth, 2(1) mHz,

is not observed primarily due to dispersive tuning of the cavity mode frequency caused by changes

in atom number between individual experimental trials, an effect present in this Raman system,

but not in proposed active optical clocks, as discussed in Sec. 5.6.

To further probe fundamental noise limits, we note that quantum phase diffusion, as well as

single-particle total excited state decay γe and repumping broadening w, all produce a Lorentzian

contribution to the power spectrum. After removing low frequency spectral components as de-

scribed in Sec. 5.6, a Lorentzian fit that excludes offset frequencies below 4 kHz yields a FWHM

of 4.5(5) Hz (see Fig. 45.5b). This is still larger than the predicted linewidth, 10(2) mHz, for this

particular data set. We believe that the linewidth is limited again by atomic population noise as

described above. However, the measured linewidth is less than the total Raman decay linewidth

γe = 48(16) Hz (and the repumping linewidth w = 13.6(2.0) kHz), demonstrating that a collective

oscillation can have lower phase noise properties than obtained from a collection of independent

atoms fluorescing in free space, as predicted for C < 1.

In Fig. 45.5d, we demonstrate small cavity pulling P ≈ 10−4 for a range of γeg comparable

to the linewidth of several atoms suited for optical clocks, The pulling P is measured by applying

small changes in the cavity resonance frequency dfcav and measuring the frequency shift of the

light dfγ exiting the cavity. The measured pulling agrees reasonably well with the predicted pulling

P/Ppred = 1.44(22) where Ppred = 2γ⊥/κ. Assuming the suppression of cavity pulling measured in

this work, current optical cavities stabilized to ≈ 1 Hz are sufficient to reach a linewidth of 1 mHz
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with the appropriate atom.

To decouple the collective atomic dipole from the environment, one can choose an atom with

small γeg. However, the emitted light power would also decrease, making the light source too weak

to phase stabilize even state-of-the-art narrow lasers. In a 1 kHz bandwidth, we observe a flux of

photons sufficient to obtain a quantum-limited phase uncertainty ∆φ ≈ 1 mrad or less (Fig. 45.5d

and Sec. 5.6). This phase uncertainty and servo bandwidth would be sufficient to stabilize a bright

1 Hz linewidth laser down to 1 mHz to perform spectroscopy below the standard quantum limit

for ensembles of 105 atoms in a state-of-the-art optical lattice clock.

5.5 Summary and Conclusions

This work explores a novel regime of optical laser physics in which a highly coherent collective

atomic dipole replaces the optical cavity as the high-Q oscillator. Photons play an essential role

by establishing atomic correlations, but a macroscopic number of photons need not occupy the

intracavity mode. This light source, with Mc < 1, N � 1, and C � 1, operates in the opposite

limit of the single-atom laser [112] with N = 1, Mc > 1 and C � 1. The results are particularly

relevant for precision measurement science, since we demonstrate such a source operating in the

likely “no-photon” limit Mc < 1 that may be necessary for superradiant lasers with linewidths < 1

mHz. In addition, we show that as an active optical oscillator, stability in excess of the limits

imposed by single particle decoherence rates can be achieved. Additional experiments are needed

to study photon statistics, atom loss, and possible unforeseen noise that our experiment was unable

to resolve at low offset frequencies.

5.6 Additional Technical Details

5.6.1 Experimental Details

The experimental configuration consists of the cavity (mode waist of 71 µm and length of

1.9 cm) with a quantization axis defined by a 2.7 G magnetic field along the cavity axis. The
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Figure 5.6: Primary experimental configuration – dressing beam along cavity axis. a,
The physical arrangement of the apparatus. The cavity is vertically oriented, with the quantization
axis defined by the magnetic field. The linearly-polarized D1 dressing beam is in red, and the π-
polarized D2 repumping beams are green (F2) and purple (F1). The emitted light, blue, goes into
the cavity mode. It has a linear polarization that is rotated 90◦ from the dressing beam. b, The
energy level diagram for the D1 and D2 beams. The cavity mode resonance is denoted with a blue
dashed line. The repumping dark state is labeled with a gray circle.

atoms are laser cooled to approximately 40 µK, putting them in the Lamb-Dicke regime along

the cavity axis but not perpendicular to the axis. The cooling is not applied during steady state

superradiance. We calculate the intracavity photon number via Mc = 2Ṁd/qκ0, where Ṁd is the

detected photon flux from one end of the symmetric cavity, q ≈ 0.6 is the quantum efficiency from

the cavity mirror to the heterodyne detector, and κ0/2π = 5.3(3) MHz is the cavity linewidth due

to mirror transmission alone. The fundamental phase noise due to photon shot noise is calculated

using ∆φ = 1/
√

4Md(T ) where Md(T ) is the average number of photons measured using homodyne

detection in a time interval T .

Steady state superradiance was primarily observed in an experimental configuration that was

first-order insensitive to Doppler broadening and magnetic field broadening shown in Fig. 5.6. This

configuration was used to measure both linewidths quoted in the text, as well as the linewidth

comparison to the good-cavity Schawlow-Townes, repumping broadening, and natural linewidths.

The 795 nm dressing laser was applied along the cavity axis, and by non-resonantly driving the
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Figure 5.7: Secondary experimental configuration – dressing beam perpendicular to
cavity axis. a, The cavity is vertically oriented, with the quantization axis defined by the magnetic
field. The linearly-polarized dressing beam is in red, and the repumping beams are green (F2) and
purple (F1). The circularly-polarized emitted light, blue, goes into the cavity mode. b, The energy
level diagram for the D1 and D2 beams. The cavity mode resonance is denoted with a blue dashed
line. The repumping dark state is labeled with a gray circle. The polarization of the repumping
beams is a linear combination of π-polarization (thick lines) and σ− polarization (thin lines).

cavity, we could inject enough intensity to drive the superradiant emission into a resonant cavity

mode. The dressing laser is linearly-polarized and appears as a superposition of σ+ and σ−. The

Clebsch-Gordan coefficients on the emission path to |g〉 ≡ |F = 1,mf = 0〉 lead to a cancellation

of all emission except for linearly-polarized light, rotated 90◦ from the polarization of the dressing

laser. The polarization orthogonality allows the emitted light to be polarization separated from

the dressing light that also emerges from the cavity. The repumping lasers are π-polarized and

tuned such that they create a single state |e〉 ≡ |F = 2,mf = 0〉 dark to the repumping. The F1

repumper moves atoms primarily from |F = 1〉 to |F = 2〉, and the F2 repumper pushes population

to |e〉, as the Clebsch-Gordan coefficient for the transition |F = 2,mf = 0〉 → |F = 2′,mf = 0′〉 is

zero.

In this configuration, the nodes and anti-nodes of the standing waves of the dressing laser

and the cavity emission mode do not coincide due to the difference frequency of 6.834 GHz. We
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define a spatially averaged decay rate γeg =
〈
γeg(z) Ω2

ig(z)
〉
/
〈

Ω2
ig(z)

〉
weighted by the coupling

to the emission cavity mode Ω2
ig(z).

To measure the amplitude and phase of the emitted light, we combined the superradiant emis-

sion with a heterodyne reference. The same laser provides the dressing beam and the heterodyne

beam. The schematic and frequencies are described in detail in Fig. 5.8. The beatnote produced

on the heterodyne detector is at 50 MHz. The 50 MHz signal is then quadrature demodulated

using the signal processing chain described in Chapter 2, resulting in the emitted light amplitude

A(t) and phase φe(t) as a function of time.

In order to monitor relative path length fluctuations of the heterodyne detection, we also

measure the phase of the Raman dressing beam that passes non-resonantly through the system.

Using the polarization filtering, we allow a small amount of the Raman dressing light to pass

through to the heterodyne detector, which also creates a beatnote on the detector at 84 MHz. This

signal is separately filtered and quadrature demodulated to provide a path length reference phase

φr(t).

In a similar way, the dressed cavity resonance frequency is probed to measure the total atom

number. A small portion of the heterodyne reference beam is split off to use as a cavity probe

(Fig. 5.8). The transmission from this weak beam is detected in heterodyne and the amplitude

quadrature is used to identify the cavity resonance frequency while sweeping the EOM modulation

frequency fm.

Steady-state superradiance was observed in a second experimental configuration that might

be applied for magnetometry, and shown in Figure 5.7. The configuration was first-order sensitive

to magnetic field broadening and Doppler decoherence. The quantization axis was still defined

by a magnetic field along the cavity axis. The π-polarized 795 nm dressing laser was applied

perpendicular to the cavity axis, a direction in which the atoms were not in the tightly-confined

Lamb-Dicke regime. The state |e〉 ≡ |F = 2,mf = −2〉 was the only state dark to the repumping

light. This was achieved by applying two different frequency 780 nm lasers at 45◦ to the cavity

axis, such that they consisted of a linear combination of π and σ− polarization. Light emitted into
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Figure 5.8: A chart of relevant laser frequencies used in the superradiance experiment. The x-axis
is frequency, but the y-axis is only used to distinguish different beams. The 795nm reference laser
(not shown here) starts the frequency chain, stabilized to the atomic reference, as described in
Chapter 2. The second 795 nm laser is then stabilized with respect to the reference 1.184 GHz
detuned from the F = 2 to F = 2′ transition, with the transition indicated by the black arrow. This
laser is split into two paths. The first forms the dressing laser fsp after being shifted 84 MHz lower
in frequency to give the dressing laser detuning ∆ = 1.1 GHz. The other path is ultimately used
for both the heterodyne reference beam fhet and the dressed cavity frequency probe fprobe. This
second path is modulated using an EOspace high frequency modulator to produce sidebands at
fm = 6.800 GHz, placing the higher frequency sidebands near the superradiant emission frequency
fγ , which is fixed to the be fsp + fhf , where fhf is the hyperfine splitting frequency. After high
frequency modulation, the probe beam is split from the heterodyne beam, and frequency shifted
lower by 100 MHz. The setup produces 3 frequency separated signals on the heterodyne detectors,
the emitted light at 50 MHz, the dressing laser leakage at 84 MHz, and the cavity probe at 100
MHz. The high frequency modulation fm can be swept using the DDS to scan the probe component
over the cavity resonance, while keeping the probe signal at a constant 100 MHz.
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the standing wave cavity mode could only be σ+ or σ− polarized. This polarization constraint,

combined with cavity resonance frequency conditions, selected |g〉 ≡ |F = 1,mf = −1〉 as a unique

ground state for superradiant emission. The dressing laser was tuned 1.1 GHz to the blue of the

|F = 2,mf = −2〉 → |F = 2′,mf = −2′〉 atomic transition. The cavity mode was tuned 1.1 GHz

to the blue of |F = 1,mf = −1〉 → |F = 2′,mf = −2′〉 transition. The laser frequency chain was

similar for this configuration, with small adjustments to account for the slightly different hyperfine

frequency due to Zeeman shifts of the groundstates.

5.6.2 Phasor Correlation

We define a phasor correlation function Cp =
〈

Re
[
〈e−i∆φk 〉k
|〈e−i∆φk 〉k|

ei∆φk
]〉

k
where ∆φk = φk1 − φk0

is the phase difference just before and after the dark time Tdark in a single trial k. In the case that

the phase measurements have no ambiguities due to measuring modulo 2π, Cp = 〈cos[φk1 − φk0 −

〈φk1−φk0〉k]〉k. This definition is chosen such that if there is no noise in the phase difference, Cp → 1,

while if φ1 is random with respect to φ0, Cp → 0. The average incorporated 50 to 100 experimental

trials. The phasor correlation function measures the average projection of the final unit length light

phasor eiφ1 onto the initial light phasor eiφ0 . The local oscillator frequency was not equal to the

atomic precession frequency in our experiment, so some average relative phase accumulated during

the dark time Tdark. The normalized average difference phasor 〈e−i∆φk 〉k
|〈e−i∆φk 〉k|

accounts for this phase

accumulation.

5.6.3 Lorentzian Fits

In the measurements of the linewidth of the emitted light, we must account for phase noise

from relative path length fluctuations. We measure the path length fluctuations in a single trial

k using the measured phase of the Raman dressing beam that non-resonantly passes through the

cavity φkr (t). Then we can subtract the path length fluctuations from the phase of the emitted light

for each 5.5 ms trial is φk(t) = φke(t)− φkr (t).

In this Raman system, the loss of atoms causes a frequency chirp of the cavity resonance that
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then chirps the superradiant emission frequency through the cavity pulling effect. The frequency

chirp should not be present if an actual highly forbidden optical transition was employed. Because

the frequency chirp is a deterministic effect, not a noise process, we attempt to account for the

contribution to the measured linewidth by calculating an average phase response as a function of

time, averaged over all measured 200 trials 〈φk(t)〉k. This average response was then subtracted

from each measured phase yielding φ′k(t) = φk(t)− 〈φk(t)〉k.

Not only does the dispersive cavity shift chirp the emission frequency in a single trial, changes

in the atom number between trials also shifts the center frequency of the emitted light. We account

for the fluctuation in the center frequency between trials by subtracting a linear fit from each φ′k(t),

resulting in φ′′k(t) = φ′k(t)− (m′kt+ b′k). This is equivalent to moving the center frequency of each

trial to 0 Hz before calculating the average power spectral density.

The two-sided power spectrum was calculated for each trial from eiφ
′′
k(t) using a 4th order

Blackman-Harris windowing function to avoid power spectral leakage of the carrier. The resulting

bin size in the spectrum is 181.55 Hz as a result of using 5 ms of time data over which the frequency

chirp of the laser from atom loss was insignificant. The 4th order Blackman-Harris windowing

function gives a very low noise background at the cost of having a large noise background for the

first 5 bins from the 0 frequency, so the center 10 bins of data should not be included a fit to the

frequency spectrum. The windowing function effectively reduces the close in frequency resolution

to gain a lower noise floor further from the carrier.

Due to technical noise processes, we are interested in the Lorentzian signal from from the

carrier. We performed Lorentzian fits to the resulting average power spectrum, excluding offset

frequencies below 4 kHz to avoid the contributions from these technical noise sources and uncover

the underlying Lorentzian linewidth characteristic of quantum noise. Excluding offset frequencies

greater than 4 kHz did not significantly change the linewidth measurement.



Chapter 6

Linear response theory for a superradiant laser

During the experimental work described in Chapter 5, we observed significant sensitivity of

the laser amplitude to the details of the repumping rate and detuning of the cavity from the laser

emission frequency. Understanding the laser system’s stability is important for guiding the design

of future superradiant lasers so they can operate in a stable regime. To study the Raman laser’s

stability, in this chapter we will extend the theoretical model presented in Chapter 4 to allow for

oscillations around the steady state values. Then in Chapter 7, I present our experimental studies

demonstrating the relevance of the linear response model in our superradiant Raman laser.

6.1 Linear Expansion of Uncoupled Equations

For future applications of steady-state superradiant light sources as precision measurement

tools, we are interested in the system’s robustness to external perturbations. As is common in laser

theory [111, 143, 92], here we analyze the system’s linear response to perturbations by considering

small deviations from the steady-state solutions. While some previous theoretical expressions in

this thesis are valid for both the good-cavity and bad-cavity limit, as no assumptions were made

about the relative magnitudes of κ and γ⊥, it is convenient now to simplify to two equations for the

dynamics by assuming that the laser is operating deep in the bad-cavity regime, where κ � 2γ⊥.

In this regime, the cavity field adiabatically follows the atomic polarization, providing the physical

motivation to eliminate the field from Eqns. 4.8-4.11 [115, 97].

The cavity field is eliminated by assuming that the first time derivative of the complex field
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amplitude C̆ in Eqn. 4.8 is negligible compared to κ
2C. This effectively results in Eqn. 4.12

being the equation for the cavity field. After substituting Eqn. 4.12 into Eqns. 4.9-4.11, we only

concern ourselves with the amplitude responses, simplifying the equations by using Eqn. 4.15 and

substituting |J−|2 with J2
⊥. With these simplifications, the dynamical equations for J̇z, J̇

2
⊥, and

Ṅ3 are

J̇z = ((Γ3e −W/2)
N3

2
+
W

2
(N/2− Jz))−

Cγ

1 + δ′20
J2
⊥ (6.1)

J̇2
⊥ = −2γ⊥J

2
⊥ +

2Cγ

1 + δ′20
JzJ

2
⊥. (6.2)

Ṅ3 = − (Γ3e +W/2)N3 +W (N/2− Jz) (6.3)

We perform the linear expansion by re-parameterizing the degrees of freedom in terms of

fractionally small perturbations about steady-state: Jz(t) = J̄z(1 + jz(t)), J
2
⊥(t) = J̄2

⊥(1 + 2j⊥(t)),

and N3(t) = N̄3(1 + n3(t)). We also define the response of cavity field through the relationship

A(t) ≡
√
|C(t)|2 = Ā(1 + a(t)). Since |C(t)|2 = Cγ

1+δ′0(t)′2J
2
⊥(t) from Eqn. 4.12, A(t) follows the

atomic polarization, except for the modification from dynamic cavity detuning as will be discussed

below. We analyze the response in the presence of a specific form of external perturbation – the

modulation of the repumping rate W (t) = W(1 + w(t)) with w(t) = εRe[eiωt], where ε is a real

number much less than 1. The quantities jz(t), j⊥(t), n3(t), a(t), and w(t) are unitless fractional

perturbations around the steady-state values that we assume are much less than 1.

We also include, by hand, an inversion-dependent term in the detuning δ′0 = δ′ + αJ̄zjz(t).

The cavity mode’s frequency is tuned by the presence of atoms coupled to the cavity mode. The

tuning is equal but opposite for atoms in the two different quantum states |e〉 and |g〉. The detuning

δ′ is the steady-state value of the detuning of the dressed cavity from the emitted light frequency.

The variation about this steady-state detuning is governed by the second contribution αJ̄zjz(t).

Effects such as off-resonant dispersive shifts due to coupling to other states can lead to this Jz
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dependent detuning in real experiments. We derived this dispersive shift of the cavity in Chapter

4.

To linearize the resulting equations, we substitute the expansions around steady-state into

Eqns. 4.11, 6.1, and 6.2. We neglect terms beyond first order in the small quantities jz(t), j⊥(t),

n3(t), a(t), and w(t). For ease of solving the equations, we treat jz(t), j⊥(t), n3(t), and a(t) as

complex numbers where the real part gives the physical value. After eliminating the steady-state

part of the equations, the equations for small signal responses j⊥(t) and jz(t) can be reduced to

two uncoupled, third order differential equations

β
...
 ⊥ + ̈⊥ + 2γ0̇⊥ + ω2

0⊥ = D⊥(ω)εeiωt (6.4)

β
...
 z + ̈z + 2γ0̇z + ω2

0z = Dz(ω)εeiωt. (6.5)

We have written the uncoupled differential equations in a form that suggests a driven harmonic

oscillator, with damping rate γ0, natural frequency ω0 and a drive unique to the ⊥ or z equation

D⊥(ω) or Dz(ω). The drives contain derivatives of the repumping modulation w(t), resulting

in frequency dependence. The third derivative term is a modification to the harmonic oscillator

response from the third level, characterized by the factor β that goes to zero in the two-level

limit (r → ∞). To preserve the readability of the text, we have included the full expressions for

the coefficients as Appendix C. Each of the terms will be discussed subsequently in physically

illuminating limits.

The drive of this harmonic oscillator-like system varies with the modulation frequency and

other system parameters. In the case of the two-level model of Ref. [115], with r =∞, α = 0, and

ΓR = 0, the drive terms are

D⊥(ω) =
W

2
(NΓc − 2W − iω) (6.6)

Dz(ω) = (NΓc −W)W + iω). (6.7)
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The modulation-frequency-dependent terms add an extra 90◦ of phase shift at high modu-

lation frequencies to the observed response. Additionally, the cancellation in D⊥(ω = 0) results

in an insensitivity of the output photon flux to the ground state repumping rate W at Wopt. The

cancellation agrees with the parabolic dependence of ˙̄Mc on W , as seen in the steady-state solutions.

The frequency dependent terms in D⊥,z also cause a growing drive magnitude versus ω. This

is canceled out in the responses j⊥ and jz by the roll-off from the oscillator, keeping the response

finite versus modulation frequency. These characteristic features remain in the response, even as

the complexity of the model increases as additional effects are included.

To proceed, we solve the equations for the complex, steady-state response to a single modu-

lation frequency ω, (e.g. ⊥(t) = ⊥e
iωt). The complex response of the cavity field amplitude a(t)

results from these solutions,

a(t) = ⊥(t)− δαJ̄zz(t)

1 + δ′2
. (6.8)

In contrast to Eqn. 4.12, where |C| depends only on J⊥, including dispersive cavity tuning

from the inversion couples the cavity output power to Jz as well.

6.2 Transfer Function Analysis

We analyze the response of the cavity field amplitude to an applied modulation of the re-

pumping rates by plotting the amplitude transfer function and the phase transfer function versus

the modulation frequency ω, defined as TA(ω) ≡ |a|/ε and Tφ(ω) ≡ arctan
(
Re[a]
Im[a]

)
respectively. We

consider the maximum of the transfer function to define the resonant frequency ωres. The calcu-

lated variation in the transfer functions versus various experimental parameters is shown in Figs.

6.1 - 6.5. All results are given as a series of transfer functions varying a single specified system

parameter, with other unspecified parameters set to W = Wopt, r =∞, δ′ = 0, and ΓR = 0.

The expressions for the damping γ0 and the natural frequency ω0 guide our understanding

of the transfer functions. Holding r = ∞, δ′ = 0, and ΓR = 0, the damping reduces to γ0 =
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Figure 6.1: Output photon flux transfer function for different ground state repumping rates, with
r =∞, δ′ = 0, α = 0 and ΓR = 0.
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Figure 6.2: Output photon flux transfer function for different repumping ratios r, with W = Wopt,
δ′ = 0, α = 0 and ΓR = 0.



126

W/2. Physically, the damping enters through the decay of J⊥ at a rate proportional to γ⊥. The

natural frequency ω0 =
√
W(NCγ −W) =

√
2J̄⊥Cγ is set by the steady-state rate of converting

collective transverse coherence into atoms in the ground state, J2
⊥C
′γ, normalized by the steady-

state transverse coherence J⊥.

To examine the effect of the steady-state repumping rate W on the response, we plot the

transfer functions TA and Tφ for different values of W in Fig. 6.1. For W < Wopt, we see a narrow

resonance feature in the response(blue curve). The frequency of the resonance increases until

W = Wopt (green curve). Also atW = Wopt, the dc amplitude response TA(ω = 0) = 0, because the

drive D⊥ goes to zero (Eqn. 6.6), consistent with the maximum in Ṁc at Wopt. ForW > Wopt, the

phase of the response near dc sharply changes sign, as understood from the parabolic response of

Ṁc versus W; on the W > Wopt side of the parabola, the same change in W produces the opposite

change in the output photon flux compared to theW < Wopt side of the parabola. Meanwhile, the

natural frequency has decreased with the increase in W when W > Wopt. AsW approaches Wmax,

the response has essentially become that of a single-pole, low pass filter with an additional π phase

shift.

To examine the effect of population in the third state |3〉, we now hold W = Wopt and show

TA and Tφ for different r in Fig. 6.2. The black curve shows the result for r = ∞, which is the

two-level model of Ref. [115], as no population accumulates in |3〉 (recall that N̄3/N̄g = 1/r).

For smaller r, the relaxation oscillations grow, shown by the increasing maximum in TA. This

response is consistent with the reduced damping rate γ0 and increased drive D⊥ seen in the following

expressions.

The damping is γ0 = r
1+r

(
NCγ

4

)
− 2ω2

NCγ(1+r) . The additional ω dependence, associated with

the repumping delay from atoms spending time in |3〉, results from the third derivative term that

scales with β = 1

W(1+r)
in Eqns. 6.4 and 6.5.

The complex drive in this limit is D⊥ = iωNCγ2
1+r+2r2

(1+r)(1+2r) −
ω2

1+r . The term proportional

to ω2 in D⊥ arises from modulating the rate out of the state |3〉. Although the ω2 term in the

damping would introduce a roll off in the transfer function TA with the form 1/ω2, the ω2 frequency
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Figure 6.3: Output photon flux transfer function for different dressed cavity detuning from emitted
light frequency δ, with W = Wopt(δ) = NCγ

2(1+δ′2)
, r =∞, and ΓR = 0. The solid (dashed) lines show

α = NCγ × 10−3 (α = 2NCγ × 10−3) to demonstrate the effects of increased cavity feedback.

dependence is canceled. The final transfer function maintains a frequency dependence of 1/ω for

ω � ωres, similar to that of the two-level system.

Next we consider the effect of the dynamically tunable cavity mode. The cavity mode response

can strongly modify the damping of the oscillator and even lead to instabilities in the cavity light

field, eliminating steady-state solutions. We first consider the damping rate of the two-level model

(r =∞) with cavity tuning, γ0 = W
2 (1 + h(δ′)) where h(δ′) = 2αδ′

(
N

1+δ′2 −
W+ΓR
Cγ

)
. The damping

is modified by a detuning dependent feedback factor h(δ′) that is positive or negative depending

on the sign of δ′. Because W + ΓR < NCγ
1+δ′2 to meet superradiant threshold, h(δ′) has the same

sign as δ′. Applying negative cavity feedback, when h(δ′) > 0, increases the damping and may

be useful for reducing relaxation oscillations and suppressing the effect of external perturbations.

When h(δ′) < 0, positive feedback decreases γ0 and amplifies the effect of perturbations.

We show the effect of this cavity feedback on the transfer functions in Fig. 6.3 for the

conditions r = ∞, W = Wopt(δ
′), and ΓR = 0. The red (blue) curves show positive (negative)

feedback, with the black curve serving again as a reference to the model of Ref. [115] with no
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Figure 6.4: Stability plot using γ0 stability condition of Eqn. 6.9 as a function of detuning
δ′ and the cavity shift parameter α, assuming N = 106. The stability condition also assumes
W = Wopt(δ

′,ΓR). The region of stability is exact for the two-level model (r = ∞), and a good
approximation for all values of r. The blue region shows where the real part of all the poles of the
⊥ solution are negative, indicating a damped return to steady-state conditions for a perturbation.
The red region shows where any of the real parts of the poles become positive, making J⊥ unstable,
with no steady-state solutions.
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cavity feedback.

Fig. 6.3 also shows the effect of increasing the cavity shift parameter α. The solid lines

result from α = NCγ×10−3, a cavity shift similar in magnitude to experiments performed in Refs.

[24, 21, 23, 160]. The dashed lines result when α is increased by a factor of two.

With enough positive feedback, the system can become unstable, with any perturbations

exponentially growing instead of damping, which eliminates steady-state solutions. For a driven

harmonic oscillator, the condition for steady-state solutions is γ0 > 0. Again assuming W =

Wopt(ΓR, δ
′) = NCγ

2(1+δ′2)
− ΓR, and remaining in the two level limit (r = ∞) the stability condition

reduces to

N
αδ′

1 + δ′2
> −1 . (6.9)

In Fig. 6.4, we plot the stability condition as a red line.

In general, the stability of a linear system can be determined by examining the poles of the

solution. If any pole crosses into the right half of the complex plane, the system is unstable with

an oscillating solution that grows exponentially. In the two-level limit (r = ∞), this condition on

the solutions ⊥ and z is mathematically equivalent to the condition on γ0, Eqn. 6.9. As the level

structure becomes more complex, e.g. r 6= ∞ or in the full 87Rb model in Sec. 6.3, we use the

pole analysis to examine the regions of stable operation. For the model here, as r changes, the pole

analysis shows that the stability condition in Eqn. 6.9 is no longer exactly correct. However, the

change is small enough that Eqn. 6.9 remains a good approximation of the stability condition for

all values of r.

Finally, in Fig. 6.5 we show the effect of additional decoherence by plotting TA and Tφ

for different values of ΓR. Here r = ∞, δ′ = 0, and α = 0. As a reference, the black curve

shows the transfer function with ΓR = 0. For the solid curves, the ground state repumping rate

W = Wopt(ΓR) is varied with ΓR to remain at the point of maximum output power (Fig. 4.5)

which amounts to holding γ⊥ constant. Thus, as the decoherence increases by increasing the rate
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Figure 6.5: Output photon flux transfer function for different Rayleigh scattering rates ΓR, with
W = Wopt(ΓR), r =∞, α = 0 and δ′ = 0. The dashed line shows the transfer functions when W is
held to NCγ/2, not varied to remain at Wopt, and ΓR = 0.3. A dashed red curve is not shown, as
with ΓR = 0.6 and W = NCγ/2 the maximum repumping rate threshold has been exceeded and
the output photon flux is zero.

of Rayleigh scattering from the ground state, the resonance frequency only moves because W is

changing, as seen in the expression for the natural frequency ω0 = W (NCγ − 2γ⊥). Notice that

additional decoherence does not affect the peak size of the relaxation oscillations. Although the

damping rate decreases because γ0 = W/2, this effect is canceled by the drive decreasing with W

as well, with D⊥ = −iω(W/2) when W = Wopt.

If we hold W constant at NCγ/2, the resulting transfer function is the dashed line in Fig.

6.5. With W constant, the coherence damping rate γ⊥ varies with ΓR, and the response actually

behaves similar to the case where W is increased (Fig. 6.1) because of the symmetric roles W and

ΓR have in the natural frequency and the drive.

The main conclusion from our examination of the linear response theory of the three-level,

bad cavity laser is that most conditions for optimizing the output power are compatible with an

amplitude stable laser. Operating at the optimum repumping rate in particular suppresses the

impact of low frequency noise on the amplitude stability. However, we also find that because the
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cavity detuning δ′ couples to the population of the laser levels, cavity feedback can act to suppress

perturbations, or cause unstable operation, depending on the sign of δ′. A simple relationship

between N , δ′, and α gives the condition for stable operation at W = Wopt.

6.2.1 Bloch Vector Analysis of Response

Relaxation oscillations in a good-cavity laser arise from two coupled degrees of freedom, the

intracavity field A and the atomic inversion Jz, responding to perturbations at comparable rates.

Parametric plots of the amplitude and inversion response provide more insight into the nature of

the relaxation oscillations than looking at the laser field amplitude response alone [143]. In the bad-

cavity regime, the cavity-field A adiabatically follows the atomic coherence J⊥, and the oscillations

arise from a coupling of J⊥ and the inversion Jz. Thus the relevant parametric plot is the 2D

projection of the 3D Bloch vector in the rotating frame of the azimuthal angle. In this section, we

study this response of the Bloch vector to better understand the stability of the bad-cavity laser.

The individual plots of Fig. 6.6 show the trajectory of the Bloch vector for the small signal

response at different applied modulation frequencies ω and different repumping rates W. The

trajectory is calculated using the amplitude and phase quadratures of the responses ⊥ and z

to define the sinusoidal variation of each quadrature with respect to a sinusoidal modulation of

W (t) = W(1 + εRe[eiωt]). The series of plots show the trend in the responses versus the ground

state repumping rate W and modulation frequency ω, with r = ∞, ΓR = 0, and δ′ = 0. Although

the oscillator characteristics of the two quadratures are identical, they display a differing phase in

their response due to the differences in the drives D⊥, Dz on the two quadratures.

At high repumping rates W > Wopt and high modulation frequencies ω > ωres, the pertur-

bation modulates the polar angle of the Bloch vector, leaving the length largely unchanged. Near

ωres, the two quadratures have large amplitudes and oscillate close to 90◦ out of phase, leading to

the trajectories that encloses a large area. When ω < ωres and with W near Wopt, the cancellation

in the drive term D⊥ leads to almost no amplitude of oscillation in the J⊥ quadrature, making the

modulation predominately Jz-like. For α = 0 or δ′ = 0, this means the cavity field amplitude A
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Figure 6.6: Response of the 2D Bloch vector to external modulation of the repumping rate. The
steady-state Bloch vector, i.e. J̄⊥ and J̄z from Eqns. 4.18-4.19, is indicated by the blue line, plotted
on the axis with units of N , so N/2 is the maximum value. The ellipse is the trajectory of the
Bloch vector responding to the modulation of the repumping rate w(t) = εRe[eiωt], described by
the small signal responses ⊥ and z in Eqns. 6.4 and 6.5. The parameters are ε = 0.1, r = 5,
δ′ = 0, α = 0, and ΓR = 0. The black arrow indicates the direction of the trajectory, starting from
the blue dot at t = 0. The values of ω are chosen to show ω � ωres, ω ≈ ωres, and ω � ωres.

will also be stabilized, as it is locked to the transverse coherence J⊥ (Eqn. 6.8).

However, dynamic cavity tuning creates a coupling of the inversion to the cavity field as

well, breaking the simple time-independent proportionality of the cavity field amplitude A and the

atomic coherence J⊥, as expected from Eqn. 6.8. Fig. 6.7a show the case of δ′ < 0. Because of
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(a) (b) (c)

Figure 6.7: Parametric plots of response of the three degrees of freedom Jz, J⊥, and A, highlighting
effect of cavity frequency tuning on response of atomic coherence and output light field. The blue
line represents the steady-state atomic Bloch vector, J̄z and J̄⊥, from Eqns. 4.18-4.19. The blue
ellipse shows small single response of the Bloch vector to a modulation of the repumping rate W ,
given by z and ⊥ from Eqns. 6.4 and 6.5. The parametric response is plotted with units of N ,
so N/2 is the maximum value. The red dashed line is the trajectory formed by the response of
the cavity field a (Eqn. 6.8) and z. The cavity field is plotted as a fraction of the average field,
then centered on the steady-state Bloch vector to compare with the atomic response. The arrows
indicate the direction of the response with respect to a modulation W (t) = W(1 + εeiωt). Here
NCγ = 104 s−1, r = 5, ΓR = 0, W = Wopt(δ

′), ε = 0.1, and ω = 0.02NCγ, chosen to show
the stable J⊥ response. (a) When δ′ < 0, the cavity feedback can be positive, leading to larger
oscillations compared to the case of no feedback δ′ = 0 shown in (b). Because of the coupling
of Jz to the cavity mode frequency, A is not locked to the J⊥ response, as in (b), but is anti-
correlated with Jz. In (c), where δ′ > 0, the negative feedback reduces the response amplitudes
in all quadratures. The cavity tuning again shifts the cavity amplitude response, but with the
opposite phase relationship due the change in sign of the slope of the Lorentzian, so A follows Jz.
The inset shows a close up of the response.
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Figure 6.8: Cavity tuning stabilizing the cavity field amplitude. By changing the average repumping
rate W from Wopt to 0.44 × 104 for the same parameters as Fig. 6.7c (NCγ = 104 s−1, r = 5,
ΓR = 0, ε = 0.1, δ′ = 1, and ω = 0.02NCγ), the response of the Bloch vector (blue ellipse) becomes
primarily perpendicular to the steady state Bloch vector (blue line). Under these conditions, the
cavity field response A (red dashed ellipse) has the smallest fractional deviation of the three degrees
of freedom. The inset shows a close up of the response.
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the coupling to the inversion, the cavity field response has a larger amplitude than J⊥ response in

addition to a phase shift. It is also nearly 180◦ out of phase with the response of the inversion.We

include the case of δ′ = 0 (Fig. 6.7b) as a reference. The cavity field is locked to the coherence,

even for α 6= 0, due to the second order insensitivity in the cavity coupling. For the case of negative

feedback δ′ > 0, shown in Fig. 6.7c, all the response amplitudes are reduced due to the increased

damping. Notice that the inversion and cavity field are now responding in phase.

Because of the coupling between all three degrees of freedom, it is possible to choose param-

eters that lead to a stabilization of the cavity field. Operating away from Wopt, the response of

the Bloch vector becomes primarily a modulation of the polar angle as the inversion and coherence

respond 180◦ out of phase. Combined with the cavity tuning, the cavity field is stabilized, as shown

in Fig. 6.8, where the parametric plot of A and Jz (dashed red ellipse) shows a response that is

primarily Jz-like. The response of the cavity field has the smallest fractional variation among the

three degrees of freedom.

To conclude our discussion of linear response theory in the three-level model, we point out

that the parametric plot analysis highlights the role that the dispersive cavity frequency tuning

plays in amplifying or suppressing perturbations in both the atomic degrees of freedom and the

cavity field. Crucially, frequency stable lasers may need to seek a configuration that suppresses

fluctuations in the Jz degree of freedom to minimize the impact of cavity pulling on the frequency

of the laser. We also see that the dispersive tuning breaks the exact proportionality of the cavity

field and the transverse atomic coherence, restoring an additional degree of freedom that may be

crucial for observing chaotic dynamics in lasers operating deep into the bad-cavity regime [67].

6.3 Linear Response Theory in 87Rb

To analyze the small signal response about these steady-state solutions analytically, we per-

form the analogous linear expansion as was done in Sec. 6.1. We assume the repumping rates are

modulated with W (t) = W(1+ εRe[eiωt]), and assume the resulting modulation of the populations

and coherence take the form Nλ = N̄λ(1 + nλ(t)) and J2
⊥ = J̄2

⊥(1 + ⊥(t)). The equations are
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then linearized by expanding to first order in the small quantities nλ(t), ⊥(t), and ε, and then

re-expressed in terms of z(t) = (N̄ene(t)− N̄gng(t))/(N̄e − N̄g) and ⊥(t).

We solve for the steady-state, complex response amplitude at a single drive frequency z(t) =

z(ω)eiωt, ⊥(t) = ⊥(ω)eiωt ≈ 2⊥(ω)eiωt/2 and nλ(t) = nλ(ω)eiωt. The response of the photon

amplitude flux is a(ω) = ⊥(ω)− δ′

1+δ′dδ(ω), where the detuning response is defined by the population

response dδ(ω) =
∑

λ(αλ/κ)Nλnλ(ω) and the αλ are given by elements of the cavity tuning vector

~α+, given in Appendix B. The predicted normalized fractional amplitude response is TA(ω) = |a|/ε

and phase response function is Tφ(ω) = arctan
(

Re[a]
Im[a]

)
.

Figs. 6.9 - 6.11 contain surface plots showing the light amplitude transfer function TA ver-

sus modulation frequency. The third dimension shows how the response changes when a single

parameter W, r, and δ′ is varied. The lower plots in each figure show the resonant response of

the system, following the frequency of the maximum response ωres and the resonant amplitude

response TA(ωres). The response functions follow the same general trends as the three-level model

in Sec. 6.1, showing that the simplified model captures the essential physics of our system. The

full model also demonstrates good quantitative agreement with the experimental results as shown

in Ref. [21].

In Fig. 6.9, we show the amplitude transfer function versus the repumping rateW assuming

r = 0.71 and δ′ = 0. The value of r is chosen to reflect the conditions in Ref. [21]. We see the

increasing damping and natural frequency with risingW and the dc response suppression appearing

near Wopt. For W > Wopt, the frequency of the relaxation oscillation moves back towards ω = 0,

as expected from the three-level model. Near W = Wmax, the transfer function no longer has a

resonance as it monotonically decreases from its maximum at ω = 0.

We show the effect of the repumping ratio r in Fig. 6.10, where ~α+ = ~0, δ′ = 0 andW = Wopt.

The trends of lower damping and a lower natural frequency as r → 0 are clearly visible, as expected

from the three-level model in Sec. 6.1.

We also note that TA has a 1/ω roll-off for ω � ωres, even with higher order derivatives in

the equations for ⊥(ω) and z(ω) that function as a low-pass to the response (analogous to the
...
 ⊥
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Figure 6.9: Response for different repumping rates. (a) Light field amplitude response transfer
function TA versus repumping rate W . (b) Resonant response TA(ωmax) and (c) the resonant
modulation frequency ωmax as a function of repumping rateW . HereNCγ = 4×105 s−1, δ′ = α = 0,
and r = 0.71.
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Figure 6.10: Response for different repumping ratio. (a) Light field amplitude response transfer
function TA versus repumping ratio r. (b) Resonant response TA(ωmax) and (c) the resonant
modulation frequency ωmax as a function of repumping ratio r. Here NCγ = 4 × 105 s−1, δ′ = 0
and W = Wopt.
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Figure 6.11: Response for different detunings. (a) Light field amplitude response transfer function
TA versus detuning δ′. The transfer function is not plotted in regions of instability. (b) Resonant
response TA(ωmax) and (c) the resonant modulation frequency ωmax as a function of δ′. The red
shaded regions indicate parameters in which the system is unstable and no steady-state solutions
exist. Here NCγ = 4 × 105 s−1, r = 0.71 and W = Wopt. The cavity shift parameter is given by
~α+. These parameter values reflect the conditions of the experimental system in Ref. [21].
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Figure 6.12: Stability diagram for the full model of a superradiant Raman laser in 87 Rb, plotting
the region any of the real parts of the poles of the ⊥ solution are positive. When any pole becomes
positive, the system is unstable and has no steady-state solutions. The stability regions are shown
versus the detuning of the cavity from the emission frequency δ′ and the detuning of the bare cavity
frequency from the atomic frequency ∆. The critical contour (bold) marks where the pole changes
sign. The dashed line indicates the detuning ∆ of experimental work (Refs. [24, 21]). For the
calculation we use NCγ = 10−4 s−1, W = Wopt, and r = 0.71.
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term in Eqn. 6.4). However, modulation of the repumping rate out of each hyperfine ground state,

as was done in Ref. [21], puts higher order derivatives in the drive terms as well. The result is

a drive that increases with a higher power of the modulation frequency ω, partially balancing the

higher order low-pass filtering. Thus, by modulating the repumping rate out of each hyperfine state,

the amplitude transfer function TA retains 1/ω modulation frequency dependence of the three-level

model in Sec. 6.1.

The response as a function of δ′ also qualitatively agrees with the simple picture put forward

in Sec. 6.1, as shown in Fig. 6.11. For δ′ > 0 around δ′ = 0, we see a lower maximum TA consistent

with heavier damping. When δ′ < 0, the amplitude of the relaxation oscillations increase as the

system becomes less damped. But δ′ continues to decrease, the full model shows a divergence in

TA where the system becomes unstable with no steady-state solutions. In the unstable regime,

we do not plot the transfer function and show a red shaded region in Fig. 6.11b and 6.11c. This

instability is consistent with our inability to achieve steady-state superradiance experimentally at

detuning δ′ < −0.1 [21]. The reduction in ωres with increasing δ′ is a result of maintaining the

repumping W = Wopt, which reduces W at large detunings and affects the natural frequency.

We also use our linear response model to theoretically predict the stability diagram for the

full 87Rb Raman laser system. We examine the poles of the solution for ⊥ as a function of δ′,

the detuning of the dressed cavity resonance frequency from the emission frequency and ∆, the

detuning of the bare cavity resonance frequency from the atomic lasing transition |g〉 to |i〉 =

|F ′ = 2,mf = ±1〉. We plot the regions of stability in Fig. 6.12, which is analogous to Fig. 6.4 in

Sec. 6.1. However, here the physical parameter ∆ controls ~α+, which roughly scales like 1/∆ (we

assume ∆ remains large enough such that the system is well described by the dispersive tuning

approximation). Future experiments may benefit from working with larger detuning ∆. However

in the standing-wave geometry of Ref. [21], the improved stability would come at the expense of

increased inhomogeneous ac Stark shifts from the dressing laser. At fixed scattering rate γ, the ac

Stark shift increases linearly with ∆.

Repumping the atoms through multiple grounds states, quantified by the r parameter, has a
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Figure 6.13: Critical stability conditions for variable values of the repumping ratio r. Each line
shows the contour as a function of ∆ and δ′ separating stable lasing from unstable. The unstable
region is defined as any set of parameters that results in a positive value for the real part of any
pole of the J⊥ response solution. The stability conditions change as a function of the repumping
ratio r. (a) As r increases from 0, the unstable region gets smaller until it reaches some value
between 0.4 and 0.5, after which (b) the unstable region grows to its asymptotic value.

Figure 6.14: The value of ∆ for the critical contour versus r, assuming δ′ = −1. Lower ∆ indicates
that more of the parameter space has stable, steady-state solutions. Here we assume NCγ = 10−4

s−1 and W = Wopt.
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larger impact on the stability digram in this full model than on three level model in Sec. 6.1. To

study the effect repumping through the multiple ground states of 87Rb has on the stability of the

laser amplitude, we follow the contour of the stability diagram for different values of r, shown in Fig.

6.13. The figure is separated into two parts because the contour does not change monotonically. In

part (a), r is low, indicating much of the population building up outside of the lasing levels, and

the stable region grows in size as the repumping becomes more efficient. However, as r continues to

grow, the contour asymptotes to an unstable region about the same size as if r = 0.1. In Fig. 6.14,

we plot the value of ∆ for the critical contour, holding δ′ = 1, indicating that the largest stable

region occurs when r ≈ 0.45. Here the cavity shift caused by atoms accumulating in the other

hyperfine states acts to partially balance the shift from atoms in the |g〉 and |e〉 states, enhancing

the amplitude stability.



Chapter 7

Relaxation oscillations, stability, and cavity feedback in a superradiant Raman

laser

7.1 Introduction

We experimentally study the relaxation oscillations and amplitude stability properties of an

optical laser operating deep into the bad-cavity regime using a laser-cooled 87Rb Raman laser. By

combining measurements of the laser light field with non-demolition measurements of the atomic

populations, we infer the response of the gain medium represented by a collective atomic Bloch

vector. The results are qualitatively explained with a simple model. Measurements and theory are

extended to include the effect of intermediate repumping states on the closed-loop stability of the

oscillator and the role of cavity-feedback on stabilizing or enhancing relaxation oscillations. This

experimental study of the stability of an optical laser operating deep into the bad-cavity regime

will guide future development of superradiant lasers with ultranarrow linewidths.

Optical lasers operating deep in the bad-cavity or superradiant regime, in which the cavity

linewidth κ is much larger than the gain bandwidth γ⊥, have attracted recent theoretical[115, 33, ?]

and experimental [24, 23, 160] interest. The interest has been partially driven by the possibility of

creating spectrally narrow lasers with linewidths ≤ 1 millihertz and dramatically reduced sensitivity

to the vibrations that limit state of the art narrow lasers and keep them from operating outside the

laboratory environment[78]. These lasers may improve measurements of time[74, 19], gravity[38],

and fundamental constants[55, 16] aiding the search for physics beyond the standard model. The

cold-atom Raman superradiant laser utilized here operates deep into the bad-cavity regime (κ/γ⊥ ≈
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103 � 1), making it an important physics test-bed for fundamental and practical explorations of

bad-cavity optical lasers.

In the interest of fundamental science and in light of the potential applications, it is im-

portant to understand the impact of external perturbations on lasers operating deep into the bad

cavity regime. In this Chapter, I present an experimental study of the response to external pertur-

bations of the amplitude, atomic inversion, and atomic polarization of an optical laser operating

deep into the bad-cavity regime. In contrast, experiments have extensively studied the ampli-

tude stability properties of good-cavity lasers (κ � γ⊥) (See Ref. [111] and references therein).

Previous experimental work in the extreme bad cavity[24] and crossover regime[97] focused on

the phase properties of the light and atomic medium. Amplitude oscillations, intensity noise,

and chaotic instabilities have been observed in gas lasers operating near the cross-over regime

(κ/γ⊥ ≤ 10)[30, 154, 70, 161]. Relaxation oscillations of the field have been studied deep into the

bad cavity regime using masers[142] in which the radiation wavelength is comparable to the size

of the gain medium, unlike in the present optical system. Previous theoretical studies of ampli-

tude stability deep in the bad-cavity regime include studies of relaxation oscillations[92], chaotic

instabilities[67], and intensity fluctuations characterized by correlation functions[92, 113].

In good-cavity optical lasers, the atomic polarization (proportional to J⊥) can be adiabatically

eliminated and the relaxation oscillations are associated with the flow of energy back and forth

between the gain inversion (proportional to Jz) and the cavity field A, where Jz, J⊥ are components

of the collective Bloch vector ~J describing the atomic gain medium. In contrast, in a bad-cavity

laser, the cavity field can be adiabatically eliminated, and the oscillations are driven by the coupling

of J⊥ and Jz. Here, we will measure and infer not only the light field A(t), but also the atomic

degrees of freedom J⊥(t) and Jz(t) using non-demolition cavity-aided measurements[35, 34] to give

the complete picture of the dynamics of relaxation oscillations in a bad-cavity laser.

We will also consider the effects on the laser’s amplitude stability of non-ideal repumping

through multiple intermediate states. Intermediate repumping states were not included in previ-

ous simple theoretical models[115], but are present in most actual realizations. In addition, we



146

Dressing 
beam 
(795 nm)

Repump
beams 
(780 nm)

Trap 
(823nm)

Collective
Emission

W
γ

ωcav
Ω1

Ωd

Ω2∆
δ

Γ3 

Γ 

Γ 

↓

↑

I II

III(a) (b)

(c)

3
|A

(t)
|2  

[1
09  s

-1
]

Figure 7.1: (a), (b) Physical setup and energy level diagram. The trapping light (orange) and
Raman dressing laser (red, power ∝ Ω2

d) are injected along the cavity axis. The repumping light
(purple, green) is applied perpendicular to the cavity axis. The emitted optical laser light (blue)
is nearly resonant with the cavity mode (dashed lines) detuned from ωcav by δ. The repumping
is accomplished through a pair of two-photon transitions through intermediate optically excited
states |II〉 and |III〉 with incoherent decay rates Γ. We individually control the two-photon rates
W and Γ3 with the repumping laser powers ∝ Ω2

1,2. |3〉 represents other metastable ground states

besides the laser levels. (c) Example emitted laser photon flux |A(t)|2 versus time showing spiking
and relaxation oscillations at turn-on.

demonstrate that the cavity frequency tuning in response to the distribution of atomic population

among various ground states can be used to suppress or enhance relaxation oscillations in the Ra-

man transition configuration or other configurations with atomic transitions near-detuned from the

lasing mode. As evidence, we show stabilization of Jz, J⊥, and A similar to observations of the

suppression of relaxation oscillations in good-cavity lasers[146]. The cavity frequency tuning mech-

anism is related to other applications of cavity feedback including the creation of nonlinearities for

generating spin-squeezed atomic ensembles [104], cavity cooling and amplification in atomic and

opto-mechanical systems [86], and the control of instabilities in gravitational wave detectors [79].
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7.2 Experimental System

Our experimental system consists of a quasi-steady-state Raman laser described in Fig. 7.1

and in Chapter 2. The laser uses N = 1 × 106 to 2 × 106 87Rb atoms as the gain medium. The

atoms are trapped and laser cooled into the Doppler-insensitive Lamb-Dicke regime (40 µK) in a 1-

D optical lattice at 823 nm formed by a standing wave in a moderate finesse F ≈ 700 optical cavity

with a cavity power decay rate κ/2π = 11 MHz. The single-atom cavity cooperativity parameter

is C = 8× 10−3 � 1, and is equivalent to the Purcell factor[149].

Fig. 7.1b shows a simplified energy level diagram of a three level Raman laser system. The

lasing transition is a spontaneous optical Raman transition with single-particle rate γ from |↑〉 ≡∣∣5 2S1/2 F = 2,mF = 0
〉

to |↓〉 ≡
∣∣5 2S1/2 F = 1,mF = 0

〉
. The decay is induced by a 795 nm dress-

ing laser injected into the cavity non-resonantly, and detuned from the |↑〉 to |I〉 ≡
∣∣5 2P1/2 F

′ = 2
〉

transition by ∆/2π = +1.1 GHz. The atoms are incoherently repumped back to |↑〉 in two steps:

from |↓〉 to |3〉 and then from |3〉 to |↑〉, at single-particle rates W and Γ3 respectively. The third

metastable ground state |3〉 here represents the sum of all other hyperfine ground states in 87Rb.

The full energy level diagram with details of the dressing and repumping lasers is provided in Sec.

7.4.

We control γ (typical value 60 s−1) using the intensity of the dressing laser. We control

the repumping rates W and Γ3 using two 780 nm repumping lasers tuned near resonance with

the
∣∣5 2S1/2 F = 1, 2

〉
→
∣∣5 2P3/2 F

′ = 2
〉

transitions. The repumping intensities are independently

controlled allowing us to set the proportionality factor r ≡ Γ3 /W . In our experiments, W ranges

from 103 s−1 to 105 s−1, and r ranges from 0.01 to 2. The repumping dominates all other homoge-

nous broadening of the |↑〉 to |↓〉 transition such that γ⊥ ≈ W/2. The inhomogenous broadening

of the transition is γin ≈ 103 s−1. To summarize, the relevant hierarchy of rates characterizing our

system is κ � γ⊥ ≈ W/2 ∼ NCγ > γin � γ. The rate NCγ sets the scale for the single-particle,

collectively-enhanced decay rate from |↑〉 to |↓〉. Coupling to other transverse and longitudinal

cavity modes is negligible.
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The frequency of the superradiantly emitted light ωγ is set by the frequency of the dressing

laser and the hyperfine splitting ωHF/2π = 6.834 GHz. The detuning of light and cavity resonance

frequency is δ = 2(ωcav − ωγ)/κ, normalized to the cavity half linewidth. The single particle

scattering rate from the dressing laser into the cavity mode is Γc(δ) = Cγ/
(
1 + δ2

)
.

The cavity frequency is dispersively tuned by the atomic ensemble ωcav = ωbcav +
∑

k αkNk,

where ωbcav is the bare cavity frequency and αk is the cavity frequency shift for a single atom in

the kth ground Zeeman state resulting from dispersive phase shifts of the intracavity light field.

Since the cavity frequency shift from atoms in the F = 1, 2 hyperfine states are not equal, the

cavity frequency can provide a measurement of the atomic populations. We can suddenly switch off

the repumping and dressing lasers to effectively freeze the atomic populations[23]. We then combine

repeated non-demolition cavity frequency measurements like those describe in Chapter 3 and Refs.

[152, 139, 35, 34] with NMR-like rotations[36] to determine Jz(t) = 〈12
∑N

i=1 (|↑i〉 〈↑i| − |↓i〉 〈↓i|)〉

and δ(t), described in detail in Sec. 7.4.2. We measure the amplitude of the light field emitted

from the cavity A(t) in heterodyne just prior to freezing the system, along with the measurement

of the cavity frequency detuning δ provides an inferred value of J⊥ =
∣∣∣〈Ĵ−〉∣∣∣ using the relation

A(t) =
√

Γc(δ(t))J⊥(t), where Ĵ− =
∑N

i=1 |↓i〉 〈↑i|.

We observe characteristic laser spiking and relaxation oscillation behavior in |A(t)|2 as the

laser turns on and settles to steady state (Fig. 7.1c). To systematically study small amplitude

deviations about the steady-state values J̄z, Ā, and J̄⊥, we apply a swept sine technique, similar

to Ref. [157]. We apply a simultaneous small amplitude modulation of the repumping rates as

W (t) = W̄ (1 + ε Re[eiωt])) and Γ3 (t) = rW (t). The modulation frequency ω is scanned over

frequencies of order W̄ , such that γ < ω � κ. We then measure and infer the quantities A(t),

J⊥(t), and Jz(t) as described earlier.

To calculate the transfer function of the applied modulation, the measured light field am-

plitude A(t) exiting the cavity as a function of time is fit to A(t) = Ā(1 + a(ω) cos(ωt + φa(ω))).

The normalized fractional amplitude response transfer function is TA(ω) ≡ a(ω)/ε and the phase

response transfer function is Tφ ≡ φa(ω). We also define the modulation frequency that maximizes
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Figure 7.2: (a) Parametric plots of the Bloch vector components Jz(t) and J⊥(t) over a single
cycle of modulation of the repumping rate W for modulation frequencies below, near, and above
resonance or ω/2π = 0.11, 2.2, 8 kHz, from left to right. The black points are the measured small-
signal deviations about the measured steady-state Bloch vector (red arrow). The blue curve is the
predicted deviation from steady-state given the experimental parameters N = 1.3× 106, r = 0.71,
δ̄ = 1, W̄ = 0.35NCγ, and NCγ = 125 × 103 s−1. The modulation depth ε for data below
and above resonance was doubled to make the response more visible. (b) The amplitude (upper)
and phase (lower) response transfer functions TA(ω), Tφ(ω) of the light field for three values of the
repumping rate W . The points are measured data, and the lines are zero free-parameter predictions
of the response. (Inset) ωres versus W (points) and a fit to ω0 (line) showing the expected frequency
dependence of the relaxation oscillations on repumping rate.
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TA(ω) as the resonance frequency ωres.

7.3 Results

We present the measured transfer functions and atomic responses in Figs. 7.2, 7.3, and 7.4,

with theoretical predictions from a full model for 87Rb for quantitative comparison. To guide the

interpretation of the measurements, we present an analogous 3-level model for the system shown in

Fig. 7.1b that captures qualitative features of the full model, described in detail in Chapters 4 and

6. The 3-level model uses semi-classical optical Bloch equations to describe the lasing transition

and the repumping process. Since κ � W,γ, the cavity field can be adiabatically eliminated

from the system of equations. Additionally, we have adiabatically eliminated the populations in

the optically excited states |I〉 , |II〉 , |III〉, arriving at the steady state solutions for the inversion

J̄z and collective atomic coherence J̄⊥[115, 114]. The steady state amplitude Ā is maximized at

W = Wpk = 1
2NΓc(δ̄) where δ̄ is the steady state cavity detuning.

To predict relaxation oscillations and damping, we do a straightforward expansion about the

steady state values J̄z, J̄⊥, and N̄3 as Jz(t) ≈ J̄z(1 + Re[z(t)]), J⊥(t) ≈ J̄⊥(1 + Re[⊥(t)]), and

N3 ≈ N̄3(1+Re[n3(t)]) and ignore terms that are second order in small complex quantities ⊥, z, n3

and repumping modulation amplitude ε, as is described in Chapter 6, similar to work analyzing

the small signal response of a laser in Refs. [92, 143]. The coupled quadratures z and ⊥ respond

like the two coupled quadratures of a harmonic oscillator, slightly modified by the presence of the

intermediate repumping state |3〉. In the limit of ideal repumping (r →∞) as is considered in Ref.

[115], we can recast the equations as two uncoupled, second order differential equations

̈z,⊥ + 2γ0̇z,⊥ + ω2
0z,⊥ = Dz,⊥(ω)εeiωt. (7.1)

When δ̄ = 0, the damping rate γ0 = W̄/2 is set by the damping of the transverse component

⊥ caused by single-particle wave function collapse associated with the repumping. The natural

frequency ω0 =
√
W̄ (NCγ − W̄ ) =

√
2J̄⊥Cγ is set by the steady-state rate of converting collective
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(b)

(a)

Figure 7.3: Effects of finite ratio of repumping rate r (a) Comparison at two values of r of
TA(ω)versus modulation frequency. The points are measured data in good agreement with the
zero-free parameter fit (lines). (b) Plot of the resonance frequency ωres (black) and the peak value
TA(ωres) (red) versus r.

transverse coherence into inversion J̄2
⊥Cγ, normalized by the total steady state coherence J̄⊥.

The responses of the two quadratures to the modulation are different because the effective

drives are different with D⊥(ω) = W̄
2 (NCγ − 2W̄ − iω) and Dz(ω) = (NCγ − W̄ )(W̄ + iω). Note

that the magnitude and phase of the drives change with the modulation frequency and repumping

rate, even as the modulation depth ε remains constant.

We show this driven oscillator response in Fig. 7.2a with the measured and predicted para-

metric plot of Jz and J⊥ at three different applied modulation frequencies, with repumping near

W̄ = Wpk . Although the characteristic frequencies and rates of the atomic oscillator do not

change, the differing drives lead to a change in the phase relationship between the response of the

two quadratures. We believe the discrepancy with theory in the center panel of Fig. 7.2a is the

beginning of nonlinearity in the system as it responds beyond the small perturbation regime near

resonance.

In Fig. 7.2b, we focus on the light field’s transfer functions TA(ω) and Tφ(ω). Data for



152
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Figure 7.4: Evidence of negative and positive cavity feedback. (a) Amplitude transfer functions
of the emitted electric field for three detunings from cavity resonance. The data points are the
average of 4 experimental trials. The lines are fitted transfer functions with N as a free parameter.
(b) Cavity damping of collective atomic degrees of freedom. The response going from δ̄ = 0.2 (left)
where the γ0 is small to δ̄ = 0.9 (right) where the system is expected to be critically damped. The
red lines are sinusoidal fits to the data (circles). The dashed lines highlight the damping in both
J⊥ and Jz.

three different average repumping rates W̄ are shown. The data displays the features of the simple

3-level model, namely increased damping with W̄ , ω0 scaling with W̄ (inset), the 270◦ phase shift

of Tφ at high modulation frequencies, the small response near ω = 0 and W̄ = Wpk caused by the

cancellation in the drive term D⊥(ω), and finally the phase reversal of the response near ω = 0

going from below to above Wpk. The data also quantitatively agrees with the displayed theory

calculated for the full model including all 87Rb levels. We suspect the deviation for W̄ = 0.73NΓc

is a result of a systematic error in measuring the total atom number.
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In this work, the repumping ratio r 6=∞, and the theory must be extended to quantitatively

describe the data. The physical effect of finite r is that population builds up in |3〉. The ratio of

steady state populations is simply N̄3/N̄↓ = 1/r. As a result of a non-negligible N̄3, the natural

frequency is slightly modified as ω0 =
√

r
1+rW̄ (NCγ − W̄ ). The effective damping in the presence

of a harmonic drive at frequency ω is γ0 = W̄
2

r2

(1+r)(1/2+r) + r(NCγ−W̄ )
2(1+r)(1/2+r) −

ω2

W̄ (1+r)
. The frequency

dependent term results from the additional phase shift introduced into the oscillating system as a

result of time spent in |3〉. Despite the frequency-dependent reduction of the damping, as long as

γ0 > 0 near ω = ω0, the system will remain stable. We can experimentally observe a reduction in

damping as r → 0, shown in Fig. 7.3. From the form of ω0 and γ0, we expect to see the resonance

frequency sharply decrease, and an increase in the peak relaxation oscillation amplitude, as r → 0,

which we observe in Fig. 7.3b.

To understand the dynamic tuning of the cavity resonance frequency ωcav in response to

changes in the atomic populations, we consider the case r → ∞ and δ̄ 6= 0. We also assume

the cavity frequency is tuned by the atomic inversion Jz as α = α↓ = −α↑ > 0. The dynamic

cavity tuning then modifies the damping rate as γ0 = W̄
2

(
1 + 2αδ̄

(
N

1+δ̄2 − W̄
Cγ

))
. The dispersive

tuning of the cavity frequency can act as either positive or negative feedback on the oscillations

of ⊥,z for δ̄ < 0 and > 0 respectively. As an example, in the case of negative feedback, if the

inversion Jz decreases, the cavity tunes away from resonance with the Raman transition, reducing

the superradiant emission from |↑〉 to |↓〉, and allowing the repumping to restore the inversion more

quickly. We observe both positive and negative feedback in the measured transfer function TA(ω)

and the atomic responses Jz(t) and J⊥(t) as shown in Fig. 7.4.

We have studied the dynamics of the polarization, inversion, and field of an optical laser

operating deep in the bad-cavity regime. We have shown that dispersive cavity frequency tuning

can suppress or enhance relaxation oscillations. Having experimentally validated our model for

optical lasers in the extreme bad-cavity regime, future work can now extend the formalism to

realistic models of proposed ultrastable lasers using ultranarrow atomic transitions in atoms such as

Sr and Yb[115]. In the future, it should be possible to directly monitor J⊥ using techniques similar
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Figure 7.5: (a) The energy level diagram for the D1 Raman transition used for lasing. The linearly
polarized Raman dressing laser is shown in red and the superradiantly emitted light in blue. The
cavity mode resonance frequency ωcav is denoted with a blue dashed line. With the quantization
axis defined by a 2.7 G magnetic field oriented along the cavity axis, the linearly polarized light is a
linear combination of σ+ and σ− polarizations. (b) The energy level diagram for the D2 repumping
beams F2 (green) and F1 (purple). The dark state with respect to the repumping lasers is labeled
with a gray circle and corresponds to |↑〉.

to those presented here to monitor Jz. Further studies of the nonlinear dynamics of the extreme

bad-cavity laser system will include investigations of chaos[67] and squeezed light generation[101].

7.4 Additional Details

7.4.1 Technical Experimental Details

The optical cavity has a mode waist of 71 µm, mirror separation of 1.9 cm, and a finesse of

F = 700. The atoms are trapped by a 1-D intracavity optical lattice at 823 nm and laser cooled to

approximately 40 µK. The sub-wavelength localization of the atoms along the cavity-axis ensures

that the atoms are in the Lamb-Dicke regime along this direction. However, the atoms are not in

the Lamb-Dicke regime with respect to motion transverse to the cavity axis.

We first note that the energy levels, dressing laser, repumping lasers, and relative frequency

tunings are the same as the primary configuration presented in Chapter 5. We include the details
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here again for clarity. The |↓〉 ≡
∣∣5 2S1/2 F = 1,mF = 0

〉
and |↑〉 ≡

∣∣5 2S1/2 F = 2,mF = 0
〉

hy-

perfine ground states of 87Rb form the basis of our Raman laser (energy level diagram shown in

Fig. 7.5). The |↑〉 state is dressed with an optical Raman laser at 795 nm that induces an optical

decay to |↓〉, with the cavity tuned to be resonant or near-resonant with the emitted light. The

intensity of the dressing beam and the detuning by ∆/2π = +1.1 GHz from the optically excited

intermediate states |I±〉 ≡
∣∣5 2P1/2 F

′ = 2,m′F = ±1
〉

set the single-atom scattering rate into all of

free space γ. The induced single-atom scattering rate into the cavity mode is Γc = Cγ
1+δ̄2 where

δ̄ is the detuning of the cavity resonance frequency from the emitted light in units of the cavity

half-linewidth, and C is the single particle cooperativity parameter of cavity QED[35], equivalent

to a Purcell factor[149]. The branching ratio for decay to |↓〉 are included in the definition of C.

The quantization axis is set by a 2.7 G magnetic field along the cavity axis. The Raman

dressing laser is injected non-resonantly along the cavity axis (experimental setup shown in Fig.

7.6a). For this quantization axis, the linearly polarized Raman dressing laser is an equal combi-

nation of σ+ and σ− light. Constructive interference between the two decay paths from |↑〉 to |↓〉

through the two states |I±〉 leads to enhancement of light emission with linear polarization rotated

90◦ from the polarization of the dressing laser. Conversely, emission of light into the cavity with

the same polarization as the dressing laser is highly suppressed by destructive interference of the

two decay paths.

Two repumping lasers control the rate out of |↓〉 and back into |↑〉. The laser powers are

independently set using acoustic optic modulators (AOMs) 1 and 2 shown in Fig. 7.6a. Both

repumpers are π-polarized, applied perpendicular to the cavity, and separately tuned near the∣∣5 2S1/2 F = 1, 2
〉

to
∣∣52P3/2, F

′ = 2
〉

transitions. The F1 repumper moves atoms primarily from the

ground
∣∣5 2S1/2F = 1,mF

〉
states to the ground

∣∣5 2S1/2F = 2,mF

〉
states, and sets the scattering

rate W out of |↓〉. The F2 repumper pushes population to |↑〉 as the dipole matrix element for

the transition |52S1/2, F = 2,mf = 0〉 → |52P3/2, F
′ = 2,m′f = 0〉 is zero. We quantify the

F2 repumping rate by calculating the single particle scattering rate for an atom in |52S1/2, F =

2,mf = 1〉 state as Γ3 . We define the pump ratio r ≡ Γ3
W to quantify the degree of population
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buildup outside of the two level manifold |↑〉 and |↓〉, with the ideal repumping case being r →∞.

Though Γ3 is not perfectly equivalent to Γ3↑ from the three level model, it allows us to define r

in an analogous way. Population will still remain in the states |52S1/2, F = 1,mf = ±1〉 even as

r →∞, unlike in the ideal three-level model. This why the output power correction factor R does

not asymptote to 1 as r →∞. Also note that unlike the simple three-level model, here, W includes

Rayleigh scattering back to |↓〉, contributing damping of the coherence J⊥ without affecting the

inversion Jz.

7.4.2 Response Function Measurement Sequence

In Sec. 7.3, we measure three quantities to characterize the response of the superradiant

laser to small perturbations: the light field amplitude A(t), the magnitude of the coherence J⊥(t),

and the inversion Jz(t). As shown in Fig. 7.6, the perturbation is created by a small fractional

modulation of the F1 and F2 repumping laser power at frequency ω such thatW (t) = W̄ (1+ε cosωt)

while r(t) remains constant. At time t3, we shut off the repumping and dressing lasers in less than

100 ns, freezing the atomic populations[23]. The amplitude of the light just before shut off A(t3)

is determined from the IQ-demodulated heterodyne signal shown in Fig. 6a.

We then use methods similar to those in Chapter 3 to non-destructively probe the cavity-mode

to determine the cavity resonance frequency ωcav1 and hence detuning from the emitted light fre-

quency δ(t3). We then calculate the coherence J⊥(t3) using the relationA(t3) = J⊥(t3)
√
Cγ/(1 + δ2(t3)).

The probe is non-destructive in that a small fraction of the atoms are lost or Raman scattered to

other states during the measurement.

The inversion Jz(t3) is determined by using a microwave π-pulse to swap the populations

between |↑〉 and |↓〉, and then measuring the cavity resonance frequency a second time ωcav2. Shifts

in the cavity frequency due to atoms in other states are common mode to both measurements,

such that the difference between the two cavity frequency measurements is only proportional to the

inversion ωcav1−ωcav2 = 2(α↑−α↓)Jz(t3). The frequency tuning of the cavity resonance per atom

in each state α↑,↓ is calculated from the known cavity geometry, atomic dipole moments, and bare
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Figure 7.6: Measurement setup and sequence timing diagram. (a) The physical setup for measuring
the light field amplitude response A(t) and the atomic responses Jz(t), J⊥(t) to a small modulation
of the repumping rate W (t). Optical beams are colored with arrows; RF and microwave signals are
in black. (b) Timing diagram for measurements. Superradiance is started at t1, and the repumping
rate W (t) is modulated (with r constant) starting at time t2. At t3, the repumper and dressing
lasers are shut off, freezing the atomic populations. The microwave π-pulse corresponds to a 12 µs
pulse of 6.834 GHz microwaves resonant only with the ground hyperfine state transition |↑〉 to |↓〉.
The pulse completely swaps the populations Ne and Ng of states |↑〉 and |↓〉. The cavity frequency
probe windows M1 and M2 used to determine the dressed cavity frequency ωcav1 and ωcav2, and
from which we can determine Jz(t3).

cavity detuning from resonance with nearby optical atomic transitions at 795 nm. The process is

repeated for different stopping times t3 in order to sample the modulation period for a set of times

ti. The data Jz(ti) versus J⊥(ti) are shown in several parametric plots in the main text.

In the case of the field transfer functions TA(ω) and Tφ(ω), continuous time traces A(t) are

averaged over several trials at the same modulation frequency and phase to enhance signal to noise.

The average response is then fit to A(t) = As(1 + a(ω) cos(ωt + φA(ω)), with transfer functions

calculated as TA(ω) = a(ω)/ε and Tφ(ω) = φA(ω). The measurement is then repeated for different

ω.

7.4.3 Real time cavity probe

For the data presented here, we measured the state population by probing the dressed cav-

ity frequency when superradiant emission had been extinguished by turning off the dressing and

repumping laser. However, leading up to these results, we also developed a method to measure

the dressed cavity frequency in real-time during superradiant emission using the transmission of a

weak probe through the atom-cavity system. Here I will describe the details of this real time cavity



158

probe (RTCP).

The basic idea of the real time probe is to weakly phase modulate the dressing laser at the

hyperfine frequency, producing a small component of the light at the dressed cavity frequency.

We can then detect the transmission of this probe to measure the probe sideband detuning from

the dressed cavity resonance δ = fprobe − fc. The sideband is created using the EOspace phase

modulator in the dressing path as described in Chapter 2. The basic detection scheme is complicated

by presence of the strong off-resonant dressing laser and superradiant emission exiting the cavity

along with the weak probe. The superradiant emission is orthogonally polarized with respect to

the dressing laser, so it is polarization filtered and sent to the heterodyne detection. The dressing

laser and the RTCP are then directed to the APD detector.

There are two difficulties we dealt with in directly detecting the transmission of the weak

probe. The first is that the signal from the off-resonant dressing laser provides a large background,

Vbck which could fluctuate due to detailed higher order mode structure of the cavity. The second

difficulty is that the transmission only from a single RTCP does not distinguish the sign of the

detuning δ. To address these issues, we implemented a two stage lock-in detection.

The first stage consisted of switching the modulation that created the probe component on

the dressing laser on and off at 100 kHz. This switching allows us to measure the total average

power transmitted with the Raman dressing laser background subtracted out. The second stage

consisted of switching between two different frequencies for the modulation of the dressing laser

to create the weak probe components separated from the ‘probe center’ by δm = ±20 MHz. We

alternated between the two modulation frequencies fh and fl at a rate of 50 kHz. Each frequency

component produces a signal from the APD, Vh and Vl respectively, that have a Lorentzian shape

as a function of the cavity detuning. By mixing the APD signal with the 50 kHz modulation

frequency, we can extract the difference in the power transmitted at these two frequencies, which

contains information about the sign of the cavity detuning with respect to the center of the two

probe components. This assumes that the dynamics of the cavity are stable on timescales of order

20 µs. The slowly varying signal from the APD after mixing with the 50 kHz reference frequency is
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Figure 7.7: A schematic of the real time cavity probe RF setup. The two ZASWA-2-50DR+
switches provide the modulation of the signals, controlled by the two SRS frequency generators
locked to the atomic clock reference. The signal generated by the light transmitting the cavity is
then demodulated to produce the signals used to determine the dressed cavity detuning.
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Vdiff = (Vbck1 + Vh)/2− (Vbck2 + Vl)/2. Notice the background signal largely subtracts out, so Vdiff

is proportional to the difference of two Lorentzians. We filter high frequency components above 25

kHz so we can still detect modulations in the cavity mode on the 7 µs timescale.

The difference in powers provide a dispersive-like signal over a range of 30-40 MHz for the

cavity frequency. However, depending on the cavity frequency, the total power transmitted varies

as the sum of two Lorentzians. By separately mixing the APD signal with the 100 kHz reference

frequency and filtering the signal at 50 kHz, we obtain a slowly varying signal Vsum = (−Vbck1 +

Vh)/2 + (−Vbck2 + Vl)/2 that is proportional to the average transmitted power. We implemented

a power stabilization feedback loop to keep the total transmitted power constant at a level that

does not interfere with the superradiant emission. The final signal used for measuring the probe-

cavity detuning is the ratio S = Vdiff/Vsum, to normalize out any residual total power variation not

accounted for in the feedback loop. We fit S to a signal y0 + 8δmδ
(κ/2π)2+4(δ2

m+δ2)
after sweeping the

probe components over the resonance, which calibrates the unknown scale factors in the system,

allowing us to invert the expression and extract δ for a given S.

The RTCP was useful in first discovering the dynamics of the dressed cavity mode and the

impact of the dressed cavity mode on the amplitude stability of the laser. In particular, it provided

the first evidence of the instability associated with a negative detuning of the dressed cavity mode

from the laser emission frequency, discussed in Chapter 6. This data is shown in Fig. 7.8.
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Figure 7.8: Data showing the correlation of amplitude stability of the laser with the cavity detuning
from the laser emission frequency. The data in particular highlights the transition from stable
operation on when the cavity is positively detuned, but the transition in instability for negative
detuning. Here the IQ amplitude of emitted photons is proportional to the emitted light amplitude,
fc is the dressed cavity, and fγ is the emitted light frequency.



Chapter 8

Active and passive sensing of collective atomic coherence in a superradiant laser

In this chapter, we explore the idea of the superradiant laser acting as a non-demolition

mapping of collective quantum coherence onto a cavity light field. We show theoretically that the

fundamental precision of the mapping is near the standard quantum limit on phase estimation for

a coherent spin state, ∆φ = 1/
√
N , where N is the number of atoms. The associated characteristic

measurement timescale τW ∝ 1/N is collectively enhanced. The non-demolition nature of the mea-

surement is characterized by only 0.5 photon recoils deposited per atom due to optical repumping in

a time τW . We experimentally realize conditional Ramsey spectroscopy in our superradiant Raman

laser, compare the results to the predicted precision, and study the mapping in the presence of

decoherence, far from the steady-state conditions previously considered. Finally, we demonstrate

a hybrid mode of operation in which the laser is repeatedly toggled between active and passive

sensing.

8.1 Introduction

Superradiant lasers have the potential to be the most stable optical frequency references

to date, with broad impacts across science and technology [115, 33]. These frequency references

derive their stability from an ensemble of atoms spontaneously synchronized by cavity-mediated

interactions, achieving collective coherence times greater than single-particle coherence times [24].

Reliance on inter-particle interactions makes superradiant lasing one of the growing number of

examples of collective phenomena being explored for enhancing precision measurements [116, 4,
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139, 104, 35, 62, 130, 42].

The superradiant laser’s defining feature is the storage of the coherence of the laser system

in the gain medium. The coherence is mapped onto the cavity field through superradiant emission

(Fig. 8.1a). This conceptual Bloch sphere [51] model of the laser has been the key to understanding

not only the laser spectrum [24], but also the output field stability properties [21] and ability to

use the laser as a sensor of magnetic fields [160]. In a Raman laser configuration, the mapping

can be dynamically controlled through the use of an externally applied dressing laser. The storage

and recovery of phase information in the atomic ensemble is analogous to quantum memories for

quantum communication [47, 25, 145, 37, 125, 105].

In this chapter, I present an analysis of the non-demolition mapping of the coherence in a

self-synchronized ensemble of atoms onto a cavity field through superradiant emission that relies

on fundamentally collective effects with no single-atom analog. We link the well-known Schawlow-

Townes laser linewidth limit [136] to the information gained about the atomic system through the

mapping, which sets the fundamental limit to potential superradiant sensors, and study spontaneous

synchronization in the presence of decoherence far from steady-state conditions. Theoretically, the

output light provides sufficient information to continuously track the evolving phase of the atomic

coherence φ with a precision within a factor of 2 of the standard quantum limit (SQL) on phase

resolution for a coherent spin state. The coherence readout rate is collectively enhanced by a

factor of N compared to single-particle fluorescence readout. Each measurement also prepares

the coherence for the next measurement, while only imparting 1/2 photon recoils per atom in the

characteristic measurement time.

Our theoretical analysis is compared to experimental data from our proof-of-principle exper-

imental system using 87Rb (Fig. 8.1b and 8.1c). The results culminate in a hybrid sensor that

combines active sensing of the collective atomic phase during superradiant emission with passive

phase measurements using Ramsey-like evolution times. We show the sensor can repeat many mea-

surement cycles in a single experimental trial due to the non-demolition nature of the superradiant

mapping.
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8.2 Theory of the Optimal Estimator

Our theory considers an ideal cold atom Raman laser. Examples of cold atom Raman lasers

include Refs. [73, 64, 156, 6]. The ideal laser we consider here operates deep into the bad-cavity,

or superradiant, regime [97, 92] where the cavity power decay rate κ greatly exceeds all other

relevant decay and scattering rates. The laser utilizes N atoms trapped in a one dimension (1D)

optical lattice that is formed inside the optical cavity that also mediates the long-range interactions

between atoms that drive spontaneous synchronization of the atomic dipoles.

The optical Raman dressing laser induces a decay rate γ from |↑〉 to |↓〉 (Fig. 8.1c). The

dressing laser is detuned from an optically excited intermediate state |i〉, and the rate a single atom

scatters photons from the dressing laser into the resonant cavity mode is Γc = Cγ, where C is the

single-particle cavity cooperativity parameter of cavity quantum electrodynamics (QED)[149]. The

collective cooperativity satisfies the necessary condition for superradiance NC � 1. Single-particle

optical repumping proceeds at an optimum repumping rate w ≈ wpk = NΓc/2 [115].

The ensemble of atoms can be represented by a Bloch vector ~J whose azimuthal phase φ(t)

evolves in time at a rate set by φ̇(t) = E(t)/~, where E(t) is the instantaneous energy difference

separating |↑〉 and |↓〉, and ~ is the reduced Planck constant. Depending on the sensitivity of

E(t) to environmental conditions, precise measurements of φ(t) correspond to measurements of the

environment or time[89].

The quantum phase φ(t) is not directly measurable and must be mapped onto an observable

quantity. Bad-cavity active oscillators, such as masers or superradiant lasers, continuously map

the collective phase φ(t) onto the observable phase ψ(t) of an electromagnetic cavity field, because

the rapidly decaying cavity field is slaved to the atomic coherence [21]. Ignoring vacuum noise, the

complex electric field phasor is given by A(t)eiψ(t) ∝ J⊥(t)eiφ(t) where J⊥(t) is the projection of the

Bloch vector onto the x-y plane and A(t) is the amplitude of the electric field phasor. Measuring

the cavity field is equivalent to a continuous non-destructive measurement of the evolving atomic

coherence.
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Figure 8.1: (a) Superradiant emission (blue) mapping the collective atomic coherence, represented
by a Bloch vector ~J with phase φ and equatorial projection J⊥, onto the phasor representing the
emitted light field defined by a phase ψ and amplitude A. (b) The experimental setup. 87Rb atoms
are trapped in a 1D optical lattice (dashed, orange) within an optical cavity. Optical repumping
light is applied perpendicular to the cavity axis. The emitted light is detected in heterodyne, then
demodulated using a direct digital synthesis frequency reference to obtain both field quadratures,
I(t) and Q(t), and calculate the light’s amplitude A and phase ψ. (c) An energy level diagram of
a superradiant Raman laser. The Raman dressing laser (red) detuned from an intermediate state
|i〉 induces optical decay at rate γ between ground hyperfine states |↑〉 and |↓〉. The atoms are
incoherently repumped back to |↑〉 at rate w. When the dressing and repumping lasers are off,
the atoms remain in a superposition of |↑〉 and |↓〉, and the quantum phase φ(t) that evolves at
fhf . (d) Example data from a Ramsey-like sequence in a superradiant laser. Superradiant emission
continuously maps φ(t) onto ψ(t). We measure a differential light phase ψ(T ) − ψ(0) over a free
evolution time T .
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The precision of the φ(t) to ψ(t) mapping is limited by fundamental quantum noise from

Schawlow-Townes phase diffusion of the atomic phase and photon shot noise on the measurement of

the light phase. Measuring ψ(t) longer reduces photon shot noise, but diffusion of the atomic phase

means later data is less correlated with the initial atomic phase we wish to estimate. Employing

a Kalman filter [82] analysis, we find that the optimal estimate φe(t) of the phase φ(t) is an

exponentially weighted average of ψ(t) with a weighting time constant

τW =
1

√
qNΓc

, (8.1)

assuming w = wpk. The details are included in Sec. 8.5). Here q is the photon detection efficiency.

A single-pole, low pass filter can be used to implement such a running weighted average.

The mean squared error of the optimal estimator is

σ2
e =

〈
(φe (t)− φ (t))2

〉
=

2
√
qN

. (8.2)

When q = 1, the error is only a factor of 2 from the SQL on phase variance for a coherent spin

state of N unentangled atoms (∆φSQL)2 = 1/N and is at the SQL, 2(∆φSQL)2, for the steady-state

J⊥ = N
2
√

2
projection during superradiance at the optimum repumping rate wpk. Also, the impact of

imperfect detection efficiency (q < 1) is mitigated by the scaling as 1/
√
q compared to the expected

increase from increased photon shot noise alone, which would scale as 1/q.

The measurement is non-destructive in that an atom experiences only 0.5/
√
q photon recoils

on average during the characteristic measurement time τW . This degree of recoil heating compares

favorably with other sample-preserving [107, 20, 58, 56] and coherence-preserving [4, 139, 35, 34]

probing techniques with precision at the SQL.

This active superradiant mapping provides a continuous measurement of the atomic phase,

in contrast to the standard technique for mapping a quantum phase onto the observable difference

in state populations, as is done in passive Ramsey spectroscopy [126] with atomic fountain and

optical lattice clocks, for example [11, 109]. In Ramsey spectroscopy, the atoms accumulate a
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quantum phase φ(t) during free evolution periods after which φ(t) is mapped onto the atomic state

populations. The state population is measured through fluorescence detection, which destroys the

coherence and often destroys the ensemble [10], though the loss of the sample is not fundamental

[107, 20, 57, 56, 58, 155, 170, 22]. Passive Ramsey spectroscopy has the benefit of being free

from perturbations necessarily introduced in the active mapping that disturb the accuracy of the

measurement. By implementing dynamic control of the superradiant mapping, a passive Ramsey-

like sequence can be realized in a superradiant laser, combining both active and passive sensing

into a single hybrid system[160].

A single cycle of the hybrid sequence (Fig. 8.1d) consists of running steady-state superra-

diance and estimating the light phase ψ̄(0) just before temporarily shutting off the dressing and

repumping lasers at time t = 0, quenching the superradiant emission. However, the collective Bloch

vector continues to precess at frequency fhf separating |↑〉 and |↓〉. At time t = T , the repump-

ing and dressing lasers are turned on, and the phase of the light can then be estimated as ψ̄(T )

using ψ(t) data at times t > T . The accumulated atomic phase during the time period T is then

∆φ(T ) = φ(T )− φ(0) = ψ̄(T )− ψ̄(0). The variance on ∆φ(T ) is 2σ2
e because of the measurement

necessary to initialize the state at T = 0. The initial measurement is unnecessary in traditional

Ramsey measurements with perfect state preparation.

The fundamental limit on the estimation of the phase difference ∆φ(T ) is a factor of 4 larger

than for standard interferometry techniques that use traditional Ramsey spectroscopy at the SQL.

Still, little fundamental precision needs to be sacrificed in future atomic sensors to utilize the

proposed mapping. The collective nature of superradiant emission also results in a characteristic

readout rate enhanced by a factor of N compared to the readout rate in the single-atom limit.

8.3 Experimental Demonstration

We have implemented a proof-of-principle atomic sensor using a cold-atom Raman laser

on the clock transition of the ground hyperfine states of 87Rb (|↑〉 = |F = 2,mF = 0〉 to |↓〉 =

|F = 1,mF = 0〉). For our system, κ/2π = 11 MHz, N = 106 atoms cooled to 40 µK, C = 8×10−3,
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and γ/2π ≈ 1 Hz. The cavity finesse is F = 700. The dressing and repumping lasers can be

switched on and off within 100 ns, much faster than the timescale on which atomic dynamics occur.

We measure the phase ψ(t) and amplitude A(t) of the emitted light via heterodyne detection with

respect to the dressing laser to remove phase noise on the emitted light imposed by phase noise

on the dressing laser. By splitting the resulting rf signal and simultaneously demodulating the two

quadratures, we obtain both A(t) and ψ(t) simultaneously. Example data of the passive sequence

are shown in Fig. 8.1d. We estimate φ(0) (φ(T )) using linear fits to 0.5 ms of ψ(t) data at times

t < 0 (t > T ).

The standard deviation of the light phase difference ψ̄(T )− ψ̄(0) as T → 0 predicted by the

optimal estimator φe for our system is 12± 2 mrad, after accounting for finite quantum efficiency

(q = 0.03) and the multi-level structure of 87Rb. The general expression for the superradiant

emission rate,

Rd = R

(
N

2

)2 2w

N

(
1− w

NΓc

)
, (8.3)

accounts for w 6= wpk and repumping through the multiple levels in the 87Rb hyperfine structure[24]

with the correction factor R. Here N = 9× 105 atoms, Γc = 0.05 s−1, R = 0.1, and w = 0.2NCγ.

The final result of R 6= 1 and w 6= wpk is to reduce Rd by a factor of 0.28. The reduction in the

emission rate and the subsequent modification to the phase diffusion increases σe by a factor of 2.4

compared to Eq. 8.2 (see Sec. 8.5).

The observed standard deviation is 70± 7 mrad, a factor of 6 above the predicted noise. We

assign the discrepancy to the dispersive tuning of the cavity mode described in Ref. [24], an effect

present in our system, but not fundamental to the physics of the sensor. Building on this work, we

have also demonstrated sensing of applied phase shifts using a superradiant magnetometer [160].

The analysis of the optimal estimator does not consider the impact of decoherence and dephas-

ing in passive sensors with superradiant readout. The process of superradiant emission continually

maintains the coherence of the ensemble, but when the emission is turned off, the atoms decohere,
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decreasing J⊥ and A, as illustrated by Fig. 8.1a. In addition to setting the fundamental resolu-

tion of the atomic phase, the coherence is vital to the re-establishment of superradiant emission

after the evolution time, so the impact of decoherence must be understood for operation of future

superradiant sensors.

We use the experimental sequence in Fig. 8.2a to study the decay of coherence. The amplitude

of the emitted light field just before turn off, at t = 0, is A(0−) and just after turn on, at t = T ,

the amplitude is A(T+). When the evolution time T is short, the superradiance promptly returns

to A(0−), but as the atomic coherence J⊥ decays during the evolution time, A(T+) decreases

proportionally. The decay of J⊥ in our system is dominated by dephasing caused by inhomogeneous

ac Stark shifts from the optical lattice. The ratio of amplitudes A(T+)/A(0−) shown in Fig. 8.2b

is well described by a fit to the decay of the contrast fringe c(T ) measured in standard microwave

Ramsey spectroscopy with population readout [96].

The coherence lost during T is eventually restored as the laser returns to steady-state. In

Fig. 8.2b, the time t80 at which A(T + t80)/A(0−) = 0.8 is compared to a theoretical prediction

based on the observed atomic contrast c(T ). The prediction is obtained using semi-classical optical

Bloch equations and is described in detail in Sec. 8.6. At short times, little coherence is lost,

and the laser quickly returns to steady-state because the remaining coherence provides a seed for

superradiance.

Ideally, superradiant readout should last long enough to completely restore the coherence and

avoid depletion over multiple measurement cycles. We predict an average recovery time t80 <
2

NΓC
,

which is confirmed by our experimental results in Fig. 8.2b. Since the characteristic measurement

time τW > 1
NΓC

, each readout will almost fully restore the coherence for the next passive evolution

measurement, as long as at least a small fraction of the coherence remains.

The collective atomic coherence J⊥(T ) predominantly seeds subsequent superradiance until

J⊥(T ) becomes smaller than the rms equatorial projection of the decohered atoms J
(incoh)
⊥ ∼

√
N/2.

Even for A(T+)/A(0−) ≈ 0.05, J⊥(T ) >
√
N/2, as seen by the relatively small t80 (Fig. 8.2b).

When J⊥(T ) < J
(incoh)
⊥ , the laser must start an essentially new superradiant emission, resulting
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Figure 8.3: Demonstration of non-demolition superradiant measurements enabling a hybrid ac-
tive/passive oscillator for two different duty cycles shown in (a) and (b). The measured light phase
ψ(t) is shown when the superradiance is switched on (black). The periods of evolution time, when
the superradiance is switched off, are gray regions (random phase data not shown). The blue and
red exponential curves in (a) correspond to the ideal optimal estimate weight functions before and
after an evolution period respectively, calculated with our experimental parameters of N , Γc, and
q. (b) The emission amplitude (red) returns to the steady-state value (dashed line) during active
oscillation, reflecting restoration of the coherence J⊥.

in large fluctuations in t80. We observe fluctuations of 20 µs, on the same order as the predicted

fluctuations in the time to reach the peak intensity of a superradiant pulse after preparation in the

fully excited state [63].

We expect the fundamental phase resolution of the sensor to degrade from decoherence, be-

cause the signal, set by J⊥, decays as c(T ), but the uncertainty from atom shot noise remains

fixed. We predict the measurement noise by adding the background measurement noise in quadra-

ture with the fundamental noise limit for both superradiant and population readout of a Ramsey

sequence, 2σe/c(T ) and σe/c(T ) respectively, shown as the lines in Fig. 8.2c. Experimentally mea-

suring the standard deviation of ψ̄(T )− ψ̄(0) versus T , we see that even when c(T ) decays to ≈ 5%

of the steady-state value at T = 0.5 ms, little phase resolution has been lost. The superradiant

measurement noise at longer times is not at the decoherence limit due to additional technical noise,

confirmed by the appearance of an equal amount of noise on the standard Ramsey population

readout as well.
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The culmination of these results is a demonstration of the non-destructive measurement

technique in which we repeat on/off sequences to create a hybrid active/passive phase reference,

shown in Fig. 8.3. The weight functions for the optimal estimate of the phase before and after the

evolution periods are shown in Fig. 8.3a. Each measurement both retains a large fraction of the

atoms (> 95%, with the loss believed to result primarily from light-assisted atomic collisions) and

prepares the atomic coherence for future measurement cycles, as shown by the constant amplitude

of the emission in Fig. 8.3b. The free evolution times would ideally have high accuracy, while

the active oscillation would have much greater measurement bandwidth, providing the strengths of

both active and passive phase references in a single device.

Furthermore, the duty cycle of the measurements could be adjusted in real time for optimal

overall phase stability and accuracy given knowledge of the environment. Figures 8.3a and 8.3b show

two example experimental trials where only the duty cycle has changed. Real-time adaptation might

allow future hybrid phase references to be employed outside of the laboratory for both scientific

and commercial applications [38, 103].

8.4 Conclusion

In some aspects, our technique is similar to recently demonstrated single-atom [20, 57, 56,

58, 155], sample-preserving [107], and non-demolition [4, 139, 35, 34] readout techniques for neutral

atoms where efficient collection of photons allows for detection near the SQL while in principle

imparting only a few photon recoils per atom. Compared to fluorescence detection with a high

numerical aperture lens, here the solid angle of the mode is small (Ω/4π = 8.9× 10−4), providing

low backgrounds and high optical access.

However, our collective measurement is fundamentally different from the above techniques.

Even non-demolition probes cause inevitable decay of the coherence that must be restored via

discrete optical pumping and rotation of the state. In the superradiant readout, the active flow of

collective information from the cavity also serves to re-prepare the atomic coherence for the next

measurement. The atomic phase continuously evolves across passive and active periods, allowing
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future frequency sources to be phase-locked rather than frequency locked to an atomic reference,

effectively eliminating aliasing noise in atomic clocks [163].

Looking forward, the ideas studied here might be applied on strictly-forbidden optical atomic

transitions [135], enabling hybrid optical lattice clocks suited for operation outside of carefully

controlled laboratory environments. Though the system demonstrated in this work is of limited

use for precision measurement, it nevertheless points a way forward to developing a different class of

atomic sensors [160] and establishes the theoretical connection between fundamental laser linewidths

and the information gained about the underlying system at the heart of the laser. Our work also

highlights unique phenomena that emerge from collective coupling of many-body systems, a topic

of much recent and future research, e.g. research with quantum dots, superconducting qubits, ions,

nitrogen vacancy centers, and mechanical oscillators [137, 52, 72, 95, 167].

8.5 Derivation of Optimal Estimator

Here we derive the optimal estimator φe(t) of the quantum phase φ(t), and its mean squared

error σ2
e , given a measurement record ψ(t) of the phase of the superradiantly emitted optical field.

We use the results from a continuous Kalman filter analysis with uncorrelated process noise and

measurement noise [81, 82, 169]. Here the measurement noise corresponds to the photon shot noise

that appears in the measurement of the light phase ψ(t) and the process noise corresponds to

the phase diffusion of the collective atomic Bloch vector that sets the Schawlow-Townes frequency

linewidth limit.

8.5.1 Photon Shot Noise

The measured phase of the radiated light is related to the underlying quantum phase φ(t)

by, ψ(t) = φ(t) + ∆ψ(t) where the vacuum or photon shot noise adds the noise component

∆ψ(t). The noise is Poissonian and described by its lowest order moments as 〈∆ψ(t)〉 = 0 and

〈∆ψ(t) ∆ψ(t+ τ)〉 = δ(τ)Φm. Here, δ(τ) is the Dirac delta function so that the measurement noise
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at different times is uncorrelated, but when τ = 0 it is equal to the constant Φm = 1
4Rd

. S
(m)
φ (ω) is

the two-sided power spectral density (PSD) of phase fluctuations due to measurement noise, which

for photon shot noise S
(m)
φ (ω) =

∫∞
−∞ 〈∆ψ(t) ∆ψ(t+ τ)〉 cos(ωt)dt = Φm [133]. The light phase vari-

ance for a measurement time window ∆t is σ2
m =

∫∞
−∞ S

(m)
φ (ω)

∣∣∣Sinc(ω∆t/2)√
2π

∣∣∣2 dω = Φm/∆t = 1
4Rd∆t ,

where Rd is the average rate of detected superradiantly-emitted photons using homodyne detection.

At the optimum superradiant photon emission rate [115, 24] Rd = N2Γc/8, obtained at a repump-

ing rate wpk = NΓc/2 where Γc = Cγ
1+δ2 is the single-particle natural decay rate into the cavity

mode, including a finite detuning of the cavity resonance frequency from the emission frequency δ

in units of the cavity half linewidth κ/2. Taking into account finite quantum efficiency q, we find

S
(m)
φ (ω) =

2

qRN2 Γc
. (8.4)

8.5.2 Phase Diffusion

In addition to measurement noise, the collective Bloch vector’s quantum phase φ(t) diffuses

with time as a result of quantum noise in the repumping process, the same mechanism that sets

the Schawlow-Townes frequency linewidth limit in a bad-cavity laser or maser [92, 97, 115]. As a

result, values of φ(t) at different times are less correlated with one another as the time separation

grows. Specifically, the two-time phase difference (as measured in an appropriate rotating frame)

averaged over many trials is zero 〈φ(t+ τ)− φ(t)〉 = 0, but the variance of the phase difference

grows linearly with the time difference τ as

σ2
D(τ) =

〈
(φ(t+ τ)− φ(t))2

〉
= D2 |τ | (8.5)

The phase diffusion coefficient D for the superradiant source can be derived from the expectation

value of the two-time raising and lowering atomic operator 〈σ+(t+ τ)σ−(t)〉 in Ref. [114] and is

D2 = Γc

(
1 +

2w

NΓc

)
(8.6)
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Assuming operation at the repumping rate wpk one finds D2 = 2Γc. For the Kalman filter analysis

to follow, we utilize the PSD of frequency fluctuations defined as

S
(p)
f (ω) =

∫ ∞
−∞

〈
φ̇(t+ τ)φ̇(t)

〉
cos(ωτ) dτ (8.7)

for the process noise. From Eq. 8.5 and 8.7, one simply finds S
(p)
f (ω) = D2.

8.5.3 Optimal Phase Estimation with Kalman Filter

The Kalman filter [81, 82, 169] is designed to provide an optimal estimate φe(t) of the phase

φ(t) that minimizes the mean squared error in the estimate σ2
e =

〈
(φe(t)− φ(t))2

〉
. The Kalman

filter assumes the state model and noise sources are well known, and the that the process noise and

measurement noise are uncorrelated, an assumption we verify by extending the theoretical work of

Ref. [92] to the spectrum of phase fluctuations in a homodyne measurement.

For this simple case, the optimal Kalman filter takes the form of a single pole low-pass filter.

In the time domain, this is equivalent to an exponential weighting of the measurement record

characterized by the exponential time constant τW . The time constant is the inverse of the Kalman

gain K, which is calculated in steady state by a ratio of the noise power spectral densities

τW =
1

K
=

S(m)
φ (ω)

S
(p)
f (ω)

1/2

=
1

√
qNΓc

, (8.8)

assuming w = wpk. The optimal estimate is then the exponentially weighted average φe(t) =

1
τW

∫ t
−∞ ψ (t′) e−(t−t′)/τW dt′.

The mean squared error in the optimal estimate is given by the geometric mean of the noise spectral

densities

σ2
e =

(
S

(p)
f (ω)S

(m)
φ (ω)

)1/2
=

2
√
qN

(8.9)

Here we simply considered portions of the measurement record ψ(t) at times t ≤ t◦, as this is

the only information actually available were the superradiance to be shut off at time t◦ as part of a
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Ramsey-like measurement. Conversely, an estimator of the phase just after superradiance is turned

back on φe(t◦ + T ) will only include the measurement record at times t ≥ t◦ + T . The symmetry

of the two noise processes with respect to time reversal makes it sufficient to consider only the first

case.

8.5.4 Modifications for Experimental Conditions

To obtain a prediction for σ2
e observed here, we must also consider the modifications to

S
(m)
φ (ω) and S

(p)
f (ω) due to imperfections in our experiment. The general superradiant emission

rate, Eq. 8.3, clearly modifies S
(m)
φ (ω) in Eq. 8.4. However, S

(p)
f (ω), given by the phase diffusion

of the Schawlow-Townes limit, is also modified. As S
(p)
f (ω) corresponds to the full width at half

maximum (FWHM) of the laser linewidth [114], we estimate the general form of the linewidth using

Ref. [97]

∆fFWHM =
1

4π

w2

Rd
ninv (8.10)

to calculate the modified S
(p)
f (ω). Here, ninv =

N↑
N↑−N↓ is an inversion factor that depends on w and

R through N↑ and N↓, the steady-state populations of |↑〉 and |↓〉 respectively. After simplification,

S
(p)
f (ω) reduces to

S
(p)
f (ω) = Γc

(
3

2
+

1

R(NΓc
w − 1)

)
. (8.11)

8.6 Prediction of Time to Return to Steady-state Superradiant Emission

To predict the time to restore the superradiant emission to steady state, characterized by

t80 in the main text, we begin with a model based on semi-classical optical Bloch equations for

the collective Bloch vector [114]. The cavity mode is adiabatically eliminated from the set of

equations, justified by the cavity damping rate exceeding all other relevant rates in the system. We

extend the model to include the full ground hyperfine structure of 87Rb, which requires repumping
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lasers on both the |F = 1〉 → |F ′ = 2〉 transition and the |F = 2〉 → |F ′ = 2〉 transition to return

atoms from |↓〉 to |↑〉. We also account for the Raman transition in our system by adiabatically

eliminating the intermediate excited state and defining a two-photon atom cavity coupling g2 as

described in Ref. [24]. The model is similar to the cold atom laser in Ref. [156], except that in

this work, the cavity decay rate κ is much greater than the atomic coherence decay rate γ⊥ ≈ w/2.

Compared to the cold atom lasers in Ref. [73, 64], the atomic decoherence rate is much smaller

here, because the atoms are confined in a far detuned optical lattice instead of a MOT. Also, here

the lasing occurs via a Raman transition between the magnetic field insensitive ground hyperfine

states |↑〉 = |F = 2,mF = 0〉 and |↓〉 = |F = 1,mF = 0〉, as opposed to different Zeeman states.

To find the characteristic rise time t80(T ) as a function of the evolution time T , we first solve

the system of differential equations under steady-state conditions with the values of N , Γc, w, and

R calculated from the measured shift of the cavity mode and laser powers in our experiment. We

then assume that during the dark evolution time all populations remain at their original steady-

state values, but that the collective coherence is reduced with respect to the original steady-state

coherence J̄⊥ as J⊥(T ) = c(T )J̄⊥, where c(T ) is the fractional reduction in the Ramsey contrast

fringe measured using traditional microwave spectroscopy and population readout shown in Fig.

3b in the main text. The loss of contrast c(T ) is consistent with dephasing caused by differential

ac Stark shifts experienced by the trapped atoms [96]. To model the behavior once the coupling

is restored at time T , we use the steady-state populations and modified coherence J⊥(T ) as initial

conditions to numerically integrate the equations and extract a predicted value of t80.



Chapter 9

Summary and Conclusion

9.1 Summary of Results

Throughout this thesis, we have leveraged the additional degree of freedom present in the

atom-atom interactions of a large atomic ensemble to generate useful collective states for enhancing

precision measurements. Though my work has taken the form of two separate projects over the

course of my thesis, both projects are connected by the use of an optical cavity mode as the medium

through which the atoms interact.

In Chapter 3, I presented coherence preserving, non-demolition measurements of 4.8 × 105

87Rb atoms using their collective coupling to the optical cavity. The combination of the high

measurement precision, more than 12 dB below the projection noise limit, and the reduced mea-

surement back-action enabled by probing on an atomic cycling transition resulted in an ensemble

with directly observed phase resolution 10.2(6) dB better in variance than the SQL. By probing

the atoms on the F = 2 to F = 3′ cycling transition, nearly eliminating the Raman spin flip noise

that limited our previous attempts to generate spin squeezed states to an equivalent squeezing of

1.1(4) dB [35].

Our measurements of spin flips indicate that they are no longer the limitation in our 87Rb

system, and we have uncovered previously ignored forms of measurement back-action, such as

photon recoil heating and opto-mechanical motion.

The other collective phenomena investigated in this thesis is steady-state, collective emission

in the superradiant Raman laser. In Chapter 4, I gave a semi-classical model for the superradiant
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laser including important extensions beyond the model presented in Refs. [115, 33]. Specifically, I

included an additional state for the atoms to be repumped through, additional decoherence from

the repumping process, and a detuning of the cavity from the emission frequency. Additionally, I

motivated the use of the Raman system as a good model for future optical superradiant lasers by

doing a explicit adiabatic elimination of the optically excited state in the Raman system, showing

it can be reduced to an effective two level system.

The extensions presented in Chapter 4 were key for understanding the experimental results

in Chapter 5, where we experimentally realized the first steady-state Raman laser operating deep in

the superradiant regime. Using the ensemble of laser cooled and trapped atoms as the gain medium

for the laser, we could operate the Raman laser with a ratio of 2γ⊥/κ = 5× 10−5. As a result, we

observed steady-state lasing and linewidth narrowing even with < 1 photon in the optical cavity on

average. We also confirmed the prediction that the sensitivity of the laser emission frequency to the

cavity frequency should be reduced by 2γ⊥/κ, a crucial feature of superradiant lasers for getting

ultrastable optical frequency sources out of stable laboratory environments. Although we were

unable to observe the predicted quantum-limited linewidth, we were able to observe spectral features

indicating a linewidth below that set by the single particle excited state decay rate, indicating that

the collective coherence is driving the coherence of the laser.

Further work in understanding the stability of the laser lead to the results in Chapter 7, where

we experimentally investigated the sensitivity of the superradiant Raman laser to fluctuations

in the repumping rate by modulating the repumping beam power. We showed that the laser

amplitude stability is sensitive how much of the atomic population remains in ground and excited

states where the coherence is stored, which we associated with the repumping efficiency. We

also investigated a cavity feed-back mechanism by which fluctuations in the ground and excited

state populations cause a shift in the cavity mode, and therefore modify the collective coupling.

We experimentally demonstrated that this cavity feedback could act to both stabilize the output

amplitude or destabilize the system. Finally, using the non-demolition measurement techniques

similar to those described in Chapter 3, we were able to gain a unique view of the state of the
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laser, going beyond just observing the output light and observing the inversion and polarization of

the gain medium as well. The using theory laid out in Chapter 6, we could understand all these

experimental results in the context of a simple linear response theory. In the future, this linear

response theory will be useful for designing superradiant lasers with robust amplitude stability and

may help us understand the impact of quantum noise in the repumping process on the phase noise

spectrum of a superradiant laser.

Finally, in Chapter 8, I presented a new conceptual view of the superradiant Raman laser,

treating it not only as a stable optical frequency source but as a non-demolition mapping of a

quantum phase onto the cavity light field phase. This concept of a superradiant laser naturally

leads to the question “What is the fundamental precision of the non-demolition mapping?” We

theoretically show in this chapter that the fundamental precision is set by the SQL for phase

estimation of the coherent spin state, linking the quantum limited linewidth of the laser to atomic

projection noise. Combining this superradiant mapping with the ability to dynamically switch on

and off the superradiant emission with the Raman dressing laser, we experimentally explore the

idea of a hybrid atomic sensor that combines periods of high bandwidth readout of the atomic

phase with high accuracy phase measurements using a Ramsey-like sequence. We also observed the

decay and re-establishment of atomic coherence during the mapping. Unlike other non-demolition

measurements, the superradiant mapping actively establishes coherence during the measurement.

9.2 Looking Forward

The concluding message from this thesis is that the future looks promising for using these

collective states as tools for precision measurements. As this thesis has shown, effective interactions

generated by collective coupling to an optical cavity is particularly well-suited for implementation

in precision measurement experiments.

In the case of generating squeezed states, our work demonstrated a large spectroscopic en-

hancement in an ensemble of cold atoms trapped in an optical lattice, a system very applicable to

one of the premier precision measurement devices today, the optical lattice atomic clock. The ex-
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perimental demonstration of more than an order of magnitude observed enhancement is a true leap

forward for quantum measurement science, indicating that entanglement-enhanced spectroscopy

has real relevance for future work. Though our technique requires the use of a cycling transition for

probing the atoms, current optical clock candidates like Sr or Yb have a readily available, nearly

cycling transition in the 1S0 to 1P1 transition. The factor of 10 enhancement in spectroscopic sen-

sitivity represents a real resource for these atomic sensors, in that it is currency that can be spent

either improving the precision, accuracy and/or bandwidth. One example would be using a factor

of 10 less atoms to achieve the same phase sensitivity while reducing collisional perturbations. In

that case, entanglement-enhanced spectroscopic sensitivity is used to reduce a systematic error

instead of improving the sensor’s precision.

The order of magnitude improvement observed in our experiments is not the fundamental

limit possible for our collective pre-measurement scheme. As discussed in Chapter 3, one of the

primary limitations is that the effective probe detection efficiency is only ∼ 8%. With a few

modifications to the apparatus, it should be possible to approach a factor of 100 spectroscopic

enhancement in essentially the same system. To address the poor detection efficiency, in the future

clean mirrors should be installed and periodically heated to keep rubidium from spoiling their

finesse. Furthermore, an single sided cavity (i.e. a cavity with asymmetric transmission properties)

could be used to implement a high efficiency homodyne detection in reflection where path lengths

can be better stabilized. To realize a factor of 100 in spectroscopic enhancement, we also need

narrower linewidth probe lasers, which could be obtained by locking to a stable optical cavity

reference. Going further, the sources of measurement induced back-action uncovered in our work

will need to be further investigated and understood. For example, opto-mechanical forces associated

with the probing appeared significant in our work, and exploring adiabatic turn on and off of the

probe may be useful in reducing the impact of the atomic motion on the collective measurement.

Precise non-demolition measurements are also useful in implementing quantum feedback

schemes. One possibility going forward is that these precise, non-destructive measurements can

be used after a Ramsey sequence to reposition a squeezed state along the equator of the Bloch
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Figure 9.1: Frequency spectrums (horizontal axis) of the superradiantly emitted light, shown as
a function of an applied magnetic field (vertical axis) that tunes the lasing transition frequency.
Warmer colors indicate more power at a particular frequency. With the atomic ensembles pumping
to magnetic field sensitive hyperfine states, as in the secondary configuration discussed in Chapter
5, Sec. 5.6, the laser emission frequency can be controlled with the magnetic field. (A) In the
case where all atoms are optically pumped to the same state F = 2, mF = +2 (see Fig 9.2a), the
laser emission frequency follows nearly linearly with the change in the transition frequency. (B)
When two ensembles are pumped to the opposite Zeeman states F = 2, mF = +2 and mF = −2,
we can observe two distinct superradiant emission frequencies, each associated with one ensemble.
As the magnetic field is tuned to bring the laser emission frequencies closer to degeneracy, the
ensembles begin to synchronize and eventually lock up, even though their transition frequencies
may not exactly the same.

sphere, thus allowing the atomic sensor to circumvent the limitations to spectroscopic enhance-

ment imposed by the curvature of the Bloch sphere [3]. Future work in our system could explore

the feasibility of these quantum feedback techniques.

Our work also continues to investigate other collective states with interesting applications for

atomic sensors. One example is experiments first conceived during the spin squeezing experiments

of Chapter 3 in which state rotation noise could be mitigated by applying controlled dephasing to

the ensemble. This work was further developed during the writing of this thesis by colleages in

the lab. This use of controlled dephasing is also related to recent theoretical work proposing the

enhancement of evolution times in Ramsey spectroscopy using dephased states [121].

Our work with a steady-state superradiant Raman laser investigated an interesting and un-

usual regime of laser physics, but also serves as an important test bed for future superradiant light
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Figure 9.2: Results from a demonstration of a superradiant magnetometer [160]. (A) By operating
the superradiant Raman laser in the secondary configuration described in in Chapter 5, Sec. 5.6, the
laser emission frequency is sensitive to a magnetic field. (B) We can continuously readout the effects
of the oscillating magnetic field applied in the lab during superradiant emission by observing the
phase of the emitted light (red). However, for high frequency modulations, a large phase deviation
has no time to accumulate, reducing the signal and thus the sensitivity of the magnetometer. By
turning off the superradiant emission (blue region), and applying microwave π pulses that coincide
with the know frequency of magnetic field oscillations, the phase accumulated by the atoms can
build up. Then at a later time, the superradiance can be restored and magnetic field can be inferred
from the difference in the light phase before and after the turn off. The ‘lock-in’ detection scheme
can theoretically recover the DC sensitivity of the magnetometer.

sources. This thesis presents a promising path forward as we were able to confirm a number of

key predictions relevant for future superradiant lasers, such as steady state collective emission and

reduced cavity pulling. Our work with the model system has also informed the design of future su-

perradiant lasers. Cavity pulling can still have a significant impact on the laser emission frequency,

as seen by the limitation to the observed linewidth in our system. Additionally, the loss of atoms

from the trap in our system highlights the need to replenish the ensemble. Schemes with moving

optical lattices or continuous atom lasers [147] could be used in the future for reloading the trap.

A truly continuous light source will be useful in observing the narrow predicted quantum-limited

linewidth that we were unable to observe.

Future work continues in our model system aimed at understanding the role of synchroniza-

tion in the superradiant laser. Partially motivated by the question of mode competition on multiple
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transitions in a future superradiant laser, we have developed a scheme in which two spatially sepa-

rated ensembles act as independent superradiant lasers in the same optical cavity. By independently

controlling the lasing frequencies of each ensemble, we can tune the system from a single synchro-

nized ensemble into two independent ensembles, as shown in Fig. 9.1. Recent theoretical work [166]

has also investigated this transition, finding interesting connections to phase transitions in open

quantum systems. The flexibility and tunability of the superradiant Raman system may provide a

good experimental system to investigate aspects of quantum phase transitions in open systems like

an optical cavity. Already we have made technical improvements to the experimental apparatus to

realize this goal, implementing spatially separated dressing beams to individually control the lasing

frequencies.

Our work investigating the dynamic superradiant mapping of atomic coherence onto the

cavity field also offers another avenue of future study, as it broadens the idea of what superradiant

emission can be harnessed to accomplish. This work emphasizes the idea that the coherence of the

laser is stored in the atomic gain medium. This represents yet another new set of possibilities for use

in precision measurements because now essentially the laser coherence can be manipulated with all

the tools that have been developed for controlling atomic states. In particular, we demonstrated this

idea by creating a magnetometer with a superradiant readout out that operate both in a continuous,

wideband readout mode or high sensitivity, lock-in detection configuration [160]. The basic idea is

illustrated in Fig. 9.2. Ultimately, this work points toward a future in which superradiant lasers

can act as both an absolute atomic reference and a frequency source with good short term stability

as the detected cavity field is directly phase locked to the atomic reference.
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[20] J. Bochmann, M. Mücke, C. Guhl, S. Ritter, G. Rempe, and D. L. Moehring. Lossless state
detection of single neutral atoms. Phys. Rev. Lett., 104:203601, May 2010.

[21] J. G. Bohnet, Z. Chen, J. M. Weiner, K. C. Cox, and J. K. Thompson. Relaxation oscillations,
stability, and cavity feedback in a superradiant raman laser. Phys. Rev. Lett., 109:253602–
253606, Dec 2012.

[22] J. G. Bohnet, K. C. Cox, M. A. Norica, J. M. Weiner, and J. K. Thompson. Reduced
back-action for phase sensitivity 10 times beyond the standard quantum limit. 2013.

[23] Justin G. Bohnet, Zilong Chen, Joshua M. Weiner, Kevin C. Cox, and James K. Thompson.
Active and passive sensing of collective atomic coherence in a superradiant laser. Phys. Rev.
A, 88:013826, Jul 2013.



187

[24] Justin G. Bohnet, Zilong Chen, Joshua M. Weiner, Dominic Meiser, Murray J. Holland, and
James K. Thompson. A steady-state superradiant laser with less than one intracavity photon.
Nature, 484(6):78–81, 2012.

[25] A. D. Boozer, A. Boca, R. Miller, T. E. Northup, and H. J. Kimble. Reversible state transfer
between light and a single trapped atom. Phys. Rev. Lett., 98:193601, May 2007.

[26] Vladimir B. Braginsky, Yuri I. Vorontsov, and Kip S. Thorne. Quantum nondemolition
measurements. Science, 209(4456):547–557, 1980.

[27] E Brion, L H Pedersen, and K Mølmer. Adiabatic elimination in a lambda system. J. Phys.
A, 40(5):1033, 2007.

[28] Robert Bücker, Julian Grond, Stephanie Manz, Tarik Berrada, Thomas Betz, Christian
Koller, Ulrich Hohenester, Thorsten Schumm, Aurélien Perrin, and Jörg Schmiedmayer.
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F. Piéchon, F. Laloë, J. Reichel, and P. Rosenbusch. Spin self-rephasing and very long
coherence times in a trapped atomic ensemble. Phys. Rev. Lett., 105:020401, Jul 2010.

[43] R. H. Dicke. Coherence in spontaneous radiation processes. Phys. Rev., 93(1):99, Jan 1954.

[44] S. A. Diddams, J. C. Bergquist, S. R. Jefferts, and C. W. Oates. Standards of time and
frequency at the outset of the 21st century. Science, 306(5700):1318–1324, 2004.

[45] S. A. Diddams, Th. Udem, J. C. Bergquist, E. A. Curtis, R. E. Drullinger, L. Hollberg, W. M.
Itano, W. D. Lee, C. W. Oates, K. R. Vogel, and D. J. Wineland. An optical clock based on
a single trapped 199hg+ ion. Science, 293(5531):825–828, 2001.

[46] R.W.P. Drever, J.L. Hall, F.V. Kowalski, J. Hough, G.M. Ford, A.J. Munley, and H. Ward.
Laser phase and frequency stabilization using an optical resonator. Applied Physics B,
31(2):97–105, 1983.

[47] L.-M. Duan, M. D. Lukin, J. I. Cirac, and P. Zoller. Long-distance quantum communication
with atomic ensembles and linear optics. Nature, 414(6862):413–418, November 2001.

[48] Kai Eckert, Oriol Romero-Isart, Mirta Rodriguez, Maciej Lewenstein, Eugene S Polzik, and
Anna Sanpera. Quantum non-demolition detection of strongly correlated systems. Nat. Phys.,
4(1):50–54, 2007.

[49] J. Esteve, C. Gross, A. Weller, S. Giovanazzi, and M. K. Oberthaler. Squeezing and entan-
glement in a bose-einstein condensate. Nature, 455:1216–1219, 2008.

[50] M. Evans, L. Barsotti, and P. Fritschel. A general approach to optomechanical parametric
instabilities. Physics Letters A, 374(4):665 – 671, 2010.

[51] Richard P. Feynman, Frank L. Vernon, and Robert W. Hellwarth. Geometrical representation
of the schrodinger equation for solving maser problems. J. Appl. Phys., 28(1):49 –52, jan 1957.
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squeezing of a collective atomic spin. Phys. Rev. Lett., 104:073602, Feb 2010.
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Appendix A

Details of Raman laser model

A.1 Adiabatic Elimination of the Optically Excited State

Here we explicitly derive the adiabatic elimination of an intermediate, optically excited state

of a cold atom Raman laser described in Sec. 4.2 and Fig. 4.6. The result is a system of equations

describing the laser, Eqns. 4.26-4.28.

The Louivillian L[ρ̂] = Lc[ρ̂] + Lik[ρ̂] + Lge[ρ̂] includes the cavity decay term Lc[ρ̂], the

spontaneous emission terms from state |i〉

Lik[ρ̂] = −Γ

2

N∑
q=1

∑
k=e,g

(σ̂
(q)
ik σ̂

(q)
ki ρ̂+ ρ̂σ̂

(q)
ik σ̂

(q)
ki − 2σ̂

(q)
ki ρ̂σ̂

(q)
ik ), (A.1)

and an incoherent repumping term that looks like spontaneous decay from |g〉 to |e〉

Lge[ρ̂] = −W
2

N∑
q=1

(σ̂(q)
ge σ̂

(q)
eg ρ̂+ ρ̂σ̂(q)

ge σ̂
(q)
eg − 2σ̂(q)

eg ρ̂σ̂
(q)
ge ). (A.2)

As in Sec. 4.1, we assume we are able to factorize the expectation values 〈ĉσ̂ie〉 = Cσie, 〈ĉσ̂ii〉 = Cσii,

〈ĉσ̂gg〉 = Cσgg, 〈ĉσ̂eg〉 = Cσeg, 〈ĉσ̂ig〉 = Cσig, and 〈ĉσ̂ie〉 = Cσie.

Applying these assumptions to the master equation results in the equations of motion
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Ċ =− (κ/2 + iωc)C − igJgi (A.3)

J̇ge =− (W/2 + iωeg)Jge − i
Ωd

2
eiωdtJgi + igCJie (A.4)

J̇gi =−
(

Γ +W

2
+ iωig

)
Jgi

− iΩd

2
e−iωdtJge + igC(Ni −Ng)

(A.5)

J̇ei =−
(

Γ +W

2
+ iωie

)
Jei

+ i
Ωd

2
e−iωdt(Ni −Ne)− igCJeg

(A.6)

J̇z =
1

2
(Ṅe − Ṅg) = W (N/2− Jz)

− iΩd

2
(σeie

iωdt − Jiee−iωdt) + ig(C∗Jgi − CJig).
(A.7)

Here we identity the relevant transverse atomic decay rate γ⊥ = W/2.

The equation for J̇z assumes only a negligible fraction of the atomic ensemble resides in |i〉,

an assumption we justify shortly. For convenience, we go into a rotating frame (often called the

natural frame [27]) defined by the transformation of variables:

C̃ = Ceiωct (A.8)

J̃ge = Jgee
iωegt (A.9)

J̃gi = Jgie
i(ωc+δ0/2)t (A.10)

J̃ei = Jeie
i(ωd−δ0/2)t (A.11)

(A.12)

where δ0 is the two-photon detuning δ0 = ωd−ωc +ωeg. With these substitutions, Eqns. A.3 - A.7

become

˙̃C = −(κ/2)C̃ − igJ̃gie−iδ0t/2 (A.13)

˙̃Jge = −γ⊥J̃ge − i
Ωd

2
eiδ0t/2J̃gi + igC̃J̃ieeiδ0t/2 (A.14)
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˙̃Jei =(i∆− Γ +W

2
)J̃ei + i
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2
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− igC̃eiδ0t/2J̃eg
(A.16)

J̇z =W (N/2− Jz)− i
Ωd

2
(J̃eie

iδ0t/2 − J̃iee−iδ0t/2)

+ ig(C̃∗J̃gie−iδ0t/2 − C̃J̃igeiδ0t/2)

(A.17)

Here ∆ = ∆d + (δ0/2) is also equivalent to the average detuning of the Raman dressing laser ∆d

and the cavity mode ∆c from their respective optical atomic transitions.

To reduce these equations to those of an effective two-level system coupled to a cavity field, we

assume that we can adiabatically eliminate the collective coherences J̃gi, J̃ei and that the population

of the intermediate state is small Ni � Ng, Ne. These assumptions are justified due to large

detuning ∆ � Γ, γ⊥, δ0. The adiabatic elimination of the coherence proceeds as follows [27]: by

examining the form of the equations for ˙̃Jgi and ˙̃Jei, we expect that each one can be written as

the sum of a term rapidly oscillating at frequency ∆, and a term varying on the timescale of the

population dynamics, much more slowly than 1/∆. By averaging over a timescale long compared

to the rapid oscillation, but short compared to the population dynamics, we essentially perform

a coarse graining approximation and are left with only slowly varying terms. The derivatives of

these coarse-grained collective amplitudes are negligible. Here we consider small fluctuations about

steady-state values at frequency ω, so the approximation will be valid when ∆ � ω. Thus, to a

good approximation for the cases considered here, the derivatives ˙̃Jgi,
˙̃Jei can be set to zero. We

then solve for J̃gi and J̃ei as

J̃gi ≈
Ωd

2∆
e−iδ0t/2J̃ge +

g

∆
eiδ0t/2C̃Ng (A.18)

J̃ei ≈
Ωd

2∆
eiδ0t/2Ne +

g

∆
e−iδ0t/2C̃J̃eg (A.19)
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where we have approximated i∆ + Γ+W
2 ≈ i∆. After including these simplifications and transform-

ing back to the original frame, we arrive at Eqns. 4.26-4.28 in the main text.

A.2 Steady-state Emission Frequency of the Raman Laser

We find the steady-state cold atom Raman laser frequency from Sec. 4.2 by assuming the

laser is oscillating at frequency ωγ , so C = C̆e−iωγt and Jeg = J̆ege
−i(ωγ−ωd)t. Substituting in Eqns.

4.26 - 4.28 gives

˙̆C = (−κ/2− iδ)C̆ − ig2J̆ge (A.20)

˙̆
Jge = (−γ⊥ − i(ωeg − ωac + ωd − ωγ)) J̆ge + i2g2JzC̆ (A.21)

J̇z = W (N/2− Jz) + ig2(C̆∗J̆ge − C̆J̆eg) (A.22)

where δ is the detuning of the emission frequency from the dressed cavity mode

δ = ωD − ωγ . (A.23)

The steady-state emission frequency ωγ is constrained by the condition that Jz must be real, and

following the procedure in Sec. 4.1, we arrive at the the laser oscillation frequency

ωγ =
2γ⊥

2γ⊥ + κ
ωD +

κ

2γ⊥ + κ
(ωeg + ωd − ωac) . (A.24)

Note the insensitivity of the oscillation frequency to changes in the cavity frequency in the bad-

cavity limit where κ�W = 2γ⊥.



Appendix B

Detailed Equations for 87Rb Model

B.1 Repumping Scheme

We begin the description of our model for a cold atom laser in 87Rb with the details of

the repumping process. The equations to describe the repumping are arrived at after adiabatic

elimination of the optically excited states
∣∣52P3/2, F

′ = 2,mF

〉
through which the Raman transitions

for repumping are driven. However, unlike in the Sec. 4.2, the scattered photons lack a resonant

cavity mode, so the scattering is presumed to be primarily into free space (i.e. non-cavity) modes.

The relevant set of Rabi frequencies describing the resonant repumper laser coupling the

ground state
∣∣52S1/2, F,mF

〉
state to an optically excited state

∣∣52P3/2, F
′ = 2,m′F

〉
is given by the

dipole matrix element between the states as

ΩF,mF ,2,m
′
F

=
∣∣∣〈52P3/2, 2,mF

∣∣ ~d · ~EF ∣∣52S1/2, F,mF

〉∣∣∣ /~ (B.1)

where ~d is the atomic dipole moment operator and the electric field of the two repumping lasers

are ~E1 and ~E2. If an atom is in the excited state
∣∣52P3/2, F

′ = 2,m′F
〉

then it spontaneously decays

to the ground state
∣∣52S1/2, F,mF

〉
with fractional probability given by the branching ratio

BF,mF ,F ′,m′F = |〈F mf |F ′ 1m′f p〉|2 , (B.2)

where p labels the polarization of the emitted light (σ+ = −1, π = 0, σ− = +1 and
∑

F,mF
BF,mF ,F ′,m′F =

1.
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The repumping rate W ′ in our model is calculated as the resonant, unsaturated scattering

rate

W ′ =
Ω2

1,0,2,0

2ΓD2
(1−B1,0,2,0) (B.3)

where ΓD2 is the D2 excited state decay rate ΓD2/2π = 6.07 MHz. Note that the rate W ′ is the

scattering rate out of the ground state, and does not include Rayleigh scattering into free space

ΓR =
Ω2

1,0,2,0

2Γ B1,0,2,0 which causes the scattering atom to collapse into |g〉 due the optically thin

nature of the atomic ensemble along nearly all directions other than the cavity mode. Since ΓR

scales with
Ω2

1,0,2,0

2Γ as does W ′, we will group both together into a single rate W =
Ω2

1,0,2,0

2ΓD2
, and

distinguish the two rates with branching ratios in our equations for the population equations.

B.2 Reduced Optical Bloch Equations

Including the coherent dynamics of the effective two-level system adds the coherence J2
⊥

driving the population from |e〉 to |g〉 as was seen in Sec. 4.2, Eqn. 4.35

Ṅe,g = ∓ Cγ

1 + δ′2
J2
⊥ . (B.4)

Here δ′ is the detuning of the dressed cavity mode from the emitted light frequency, normalized by

κ/2, as in Eqn. A.23. In the subsequent equations, we neglect the single particle scattering from

|e〉 to |g〉 at rate γ as it is much less than the collective emission rate.

With these terms, we can write the reduced optical Bloch equations for the the ground state

populations as

dNF,mF

dt
=

W

Ω2
1,0,2,0

2∑
F ′=1

F ′∑
m′F=−F ′

(
BF,mF ,2,m′F − δF,F ′ , δmF ,m′F

)
Ω2
F ′,m′F ,2,m

′
F
NF ′,m′F

(B.5)

+
Cγ

1 + δ′2
J2
⊥ (δF,1, δmF ,0 − δF,2, δmF ,0) (B.6)
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where δF,F ′ is the Kronecker delta function. The sums have been reduced using the assumption

that the repumping light is π-polarized.

We also must include the equation for the coherence, driven by the population inversion

J̇2
⊥ = −W J2

⊥ +
Cγ

1 + δ′2
(N2,0 −N1,0)J2

⊥ (B.7)

which is analogous to Eqn. 4.34 in Sec. 4.2, except that here W is the sum of the ground state

repumping rate and the Rayleigh scattering rate, where W in Eqn. 4.34 contains only the ground

state repumping rate.

Including the equation for the coherence, along with the terms for the effects of collective

emission, the resulting equations evaluated for 87Rb can be compactly expressed as

d

dt
~V = (Mcav +MW +MrW ) ~V (B.8)

with the column vector given by

~V =



N2,2

N2,1

Ne

N2,−1

N2,−2

N1,1

Ng

N1,−1

J2
⊥



(B.9)

where Ne = N2,0 and Ng = N1,0 are specially labeled to indicate their importance as the lasing

levels.

The matrices governing the time evolution are separated into the evolution governed by the

collective coupling to the cavity
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Mcav =
Cγ

1 + δ′2



0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −1

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0

0 0 J2
⊥ 0 0 0 −J2

⊥ 0 0



, (B.10)

the repumping of atoms in F = 1

MW = W



0 0 0 0 0 1
8 0 0 0

0 0 0 0 0 1
16

1
4 0 0

0 0 0 0 0 3
16 0 3

16 0

0 0 0 0 0 0 1
4

1
16 0

0 0 0 0 0 0 0 1
8 0

0 0 0 0 0 − 9
16

1
12 0 0

0 0 0 0 0 3
16 −2

3
3
16 0

0 0 0 0 0 0 1
12 − 9

16 0

0 0 0 0 0 0 0 0 −1



, (B.11)

and the repumping of atoms in F = 2
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MrW = rW



−8
3

1
6 0 0 0 0 0 0 0

2
3 −11

12 0 0 0 0 0 0 0

0 1
4 0 1

4 0 0 0 0 0

0 0 0 −11
12

2
3 0 0 0 0

0 0 0 1
6 −8

3 0 0 0 0

2 1
4 0 0 0 0 0 0 0

0 1
4 0 1

4 0 0 0 0 0

0 0 0 1
4 2 0 0 0 0

0 0 0 0 0 0 0 0 0



. (B.12)

The repumping rates induced by the F2 repumper are parameterized by repumping ratio r as

r =
Ω2

2,1,2,1

Ω2
1,0,2,0

. (B.13)

The normalized detuning δ′ of the dressed cavity resonant frequency with the emitted light

frequency ωγ carries implicit dependence on the populations NF,mF as derived in Sec. 4.2

δ′ = 2
(
ωc + ~α · ~V − ωγ

)
/κ . (B.14)

The elements of the single-atom cavity tuning vector ~α comes from the cavity dressing as derived

from Eqn. 4.32. There we see ~α is set by the detuning of the cavity frequency and the detuning

from the atomic transition frequencies ωF,F ′ between the ground
∣∣52S1/2, F

〉
states and optically

excited states
∣∣52P1/2, F

′〉 as

αF,mF =
2∑

F ′=1

(2gF,mF ,F ′,mF+p)
2

4(ωbcav − ωF,F ′)
(B.15)

where p = ±1 for the σ± polarized cavity mode, and the single-particle vacuum Rabi frequencies

are evaluated for each transition. For the quantization axis along the cavity axis, the σ+ and σ−

polarizations modes will shift in frequency by different amounts specified by two vectors ~α±. How-

ever, the symmetry of the atomic population equations ensure that the populations are symmetric



206

such that NF,mF = NF,−mF . Thus, only the shift of the σ+ cavity mode needs to be considered.

We use the dressing laser detuning ∆ = +1.1 GHz as was present in Refs. [24, 21]. The resulting

cavity tuning vector is

~α+ = 2π(33.8 Hz)



0

0.0776

0.1515

0.222

0.289

1.679

1

0.440

0



. (B.16)

We find the steady-state solutions to the system of equations by setting d~V /dt = 0 and

solving for ~V . From the results, we can for the expressions for J̄2
⊥, J̄z, and N̄other in the main

text.
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Full Expressions for the Three-level Model Linear Response Theory

The full expressions for the coefficients in the three-level response equations Eqns. 6.4 and

6.5:

γ0 =
r

2ζ

(
(2NΓc − 2γ⊥) + 2Wr − ΓR

+ h(δ)(4γ⊥ +W (1 + 2r))

)
(C.1)

ω2
0 =
−r(1 + 2r)W

ζ

(
(2γ⊥ −NΓc)− 2γ⊥h(δ)

)
(C.2)

β =
(1 + 2r)

Wζ
(C.3)

where the denominator factor ζ = 2rh(δ) + (1 + r)(1 + 2r) and h(δ) = 2αδ
(

N
1+δ2 − 2γ⊥

Cγ

)
.

The drive terms are

D⊥,z(ω) = D0,⊥,z + iωD1,⊥,z − ω2D2,⊥,z (C.4)

where the coefficients are

D0,⊥ =
−r(1 + 2r)W

2ζ
(W + 2γ⊥ −NΓc − ΓRh(δ)) (C.5)

D1,⊥ = −W (1 + r)(1 + 2r) + 2r (2γ⊥ −NΓc − ΓRh(δ)) /2

2ζ
(C.6)
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D2,⊥ = −1 + 2r

2ζ
(C.7)

D0,z =

(
W

2γ⊥

)
r(1 + 2r)W (NΓc − 2γ⊥)

ζ
(C.8)

D1,z =

(
W

2γ⊥

)
r(3 + 2r)(NΓc − 2γ⊥)

ζ
(C.9)

D2,z =

(
−2r

2γ⊥

)
NΓc − 2γ⊥

ζ
(C.10)

C.1 Interesting Limiting Cases

Perfect repumping, on resonance:

ω2
0 = W (NCγ − 2γ⊥) (C.11)

γ0 = W/2 (C.12)

β = 0 (C.13)

D⊥(ω) =
W

2
(NCγ −W − 2γ⊥ − iω) (C.14)

Dz(ω) =

(
W

2γ⊥

)
(NCγ − 2γ⊥)(W + iω) (C.15)

Perfect repumping, with detuning:

ω2
0 = W (NΓc − 2γ⊥)

(
1 + 2αδ

2γ⊥
Cγ

)
(C.16)
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γ0 =
W

2
(1 + h(δ)) (C.17)

β = 0 (C.18)

D⊥(ω) =
W

2
(NΓc −W − 2γ⊥ − ΓRh(δ)− iω) (C.19)

Dz(ω) =

(
W

2γ⊥

)
(NΓc − 2γ⊥)(W + iω) (C.20)

Imperfect repumping, on resonance:

ω2
0 =

(
r

1 + r

)
W (NΓc − 2γ⊥) (C.21)

γ0 =

(
r

(1 + r)(1 + 2r)

)
(NCγ + (r + 1/2)W − 2γ⊥) (C.22)

β =
1

W (1 + r)
(C.23)

D⊥(ω) =
ω2

2(1 + r)

+
iω

2

(
2r

(1 + r)(1 + 2r)
(NCγ − 2γ⊥)−W

)
+

rW

2(1 + r)
(NCγ − 2γ⊥ −W )

(C.24)

Dz(ω) = −ω2 2r(NCγ − 2γ⊥)

2γ⊥(1 + r)(1 + 2r)

+ iω

(
W

2γ⊥

)(
r(3 + 2r)(NCγ − 2γ⊥)

(1 + r)(1 + 2r)

)
+

(
W

2γ⊥

)
(NCγ − 2γ⊥)

(C.25)



Appendix D

Heterodyne Photodiode

This circuit diagram contains the details of the photodiode circuit that provided most of the

data in the thesis.
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Figure D.1: A schematic of the transimpedance amplifier circuit for the Hamamatsu S5973 photo-
diode used as the Heterodyne detector in this thesis. Crucial notes about the circuit are noted in
text on the schematic. The most important features for a photodiode with a flat gain response up
to 200 MHz was robust connections to the ground plane, even adding additional ground connections
near the AD8015 transimpedance amplifier. The noise properties of the circuit were also improved
by making the capacitance up to the input of the AD8015 low with short, in-air connections from
the S5973 output pin to the input of the AD8015. The circuit layout was designed by Terry Brown
in the JILA Electronics Shop.


